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ABSTRACT. We prove that higher rank abelian actions by diagonalizable elements on S-arithmetic
quotients of semisimple and solvable groups are disjoint in the sense of Furstenberg.
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1. INTRODUCTION

Furstenberg’s influential paper [24] marked the outset of the study of rigidity properties of
multiparameter algebraic actions on homogeneous spaces. His classification of closed subsets
of the one-dimensional torus which are invariant under the action of a non-lacunary semigroup
of positive integers represents, historically, the first discovery of the manifestation of a striking
dichotomy between the individual and the global behaviour of a vast class of such actions:
while the action of a single element of the acting group displays a certain flexibility, dynam-
ically embodied by the existence of several invariant subsets and measures, the full action
exhibits remarkable rigidity phenomena. Conjectures in this direction, in the context of higher-
rank abelian actions, were formulated by Katok and Spatzier [33] and later by Margulis [41];
substantial progress has been made on the subject, leading mostly to a complete classifica-
tion of invariant measures for the whole action under various positive entropy assumptions
(see [8,9,15,16,33,38]). Meanwhile, the study of the dynamical features of such actions on ho-
mogeneous spaces unveiled significant applications to number theory and arithmetic quantum
chaos: the reader is referred to the survey [39] as well as to [10,38] for more details thereupon.

In this paper, we are concerned with one particular aspect of the aforementioned rigidity,
which might be loosely phrased as the absence of common dynamical properties between higher-
rank diagonalizable actions on quotients of semisimple algebraic groups on one side, and the
same type of actions on quotients of solvable groups on the other. The lack of a shared structure
between the two systems is expressed in terms of the triviality of possible joinings thereof. In
the same paper mentioned earlier ([24]), Furstenberg introduced the notion of disjointness for
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two measurable dynamical systems, in an attempt to give a precise meaning to the condition
of them being relatively prime, in a sense suggested by the analogous condition of two integers
in ordinary arithmetics. Disjointness, and the related notion of joinings, have played a pivotal
role in the development of modern ergodic theory ever since; for a comprehensive account of
the usefulness of joinings in the study of measurable dynamics, we refer the reader to [25].
More specifically, in the setting of homogenous dynamics, various results establishing scarcity
of joinings have been established over the course of the last four decades [11,13,17,18,20,32,55].

We recall that, given two actions of a (abstract) group R on probability measure spaces
(X, A, n), (Y,B,v) by measure-preserving transformations, a joining of the two actions is de-
fined as a probability measure p on the product measurable space (X x Y, A ® B) which is
invariant for the induced diagonal R-action on X x Y and projects to u and v, respectively, un-
der the canonical factor maps (the reader is referred to [21,69] for the required ergodic-theoretic
background). The set of all joinings is always non-empty, as the product measure p x v obvi-
ously satisfies the criteria in the definition. The actions of R on X and Y are called disjoint if
there are no joinings except for the trivial one, namely the product measure. Disjointness, at
least for sufficiently regular continuous actions of a topological group R, implies that the two
systems cannot admit a non-trivial common measurable factor, that is, a probability measure
space (Z,C,\) with 0 < A(A) < 1 for some A € C, endowed with a measure-preserving action
of R and measure-preserving factor maps ¢x: X — Z, ¢y : Y — Z which are equivariant with
respect to the R-actions. Indeed, the existence of such a non-trivial common factor would give
rise to the relatively independent joining p X, v, which is concentrated on the set of points
(x,y) € X x Y for which ¢x(x) = ¢y (y) (see [21], Chap. 6), and as such is non-trivial.

1.1. Setup and main result. In this manuscript, we deal with joinings of abelian algebraic
actions by diagonalizable elements on homogeneous spaces arising from perfect and solvable
groups. In view of its recurring appearance in number-theoretical applications of homogeneous
dynamics, we choose to work in the S-arithmetic context, namely over products of real and
p-adic algebraic groups. We now set out to introduce the precise setup, referring to Sections 2, 3
and 5 for precise definitions of all the involved notions. Sections 3 and 4 include an extensive
discussion of the role played by the various assumptions we shall consider in the statement of
our main result.

In the sequel, assume G and B are, respectively, a perfect and a solvable Zariski-connected
linear algebraic group defined over QQ, and let S be a fixed finite set of places of Q containing
the infinite place. We denote by G(Qs) and B(Qg) the groups of Qg-points of G and B,
respectively, and let G < G(Qg), B < B(Qs) be closed subgroups of finite index'.

If H is an algebraic group defined over Q and H < H(Qg) is a closed subgroup, we shall
indicate with H™) the group of S-units in H, that is

HY = {h = (ho)oes € H : Vx € Xo(H) H X (o )|o = 1} ’

c€eSs

where Xo(H) is the group of Q-characters of H, and the notation | - |, stands for the o-adic
absolute value on Q,, for any place o € S.

Denote by Og the subring of S-integral elements of Q. The group G(QOg) of S-integral points
of G embeds diagonally in G(Qg) with discrete image. As the group of Q-characters of the
perfect group G is trivial, a celebrated result of Borel and Harish-Chandra ([4]) affirms that
G(Og) actually embeds as a lattice in G(Qg). Similarly, we shall regard B(Og) as diagonally
embedded in B(Qg) as a discrete subgroup; in this case the image need not be a lattice, in
general. Let I' < G N G(Q) and A < BN B(Q) be S-arithmetic groups, namely subgroups of
G(Q) and B(Q) which are commensurable to G(Og) and B(Og), respectively; with X = T'\G

Henceforth, a finite-index subgroup of a topological group R is always understood to be closed (hence open).
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and Y = A\ B we indicate the homogeneous spaces defined by I" and A. The group G acts on
X on the left by right translations via go - I'g = I'ggy* for any go, g € G, and similarly for B.

As T' is commensurable with G(Og), the quotient X comes equipped with a G-invariant
Borel probability measure mx, henceforth referred to as the Haar-Siegel measure, or the Haar
measure for short, on X. We shall assume that X is saturated by unipotents (see [17, Def. 1.1]):
the subgroup of G generated by all the unipotent elements in G(Qg) acts ergodically on X
with respect to the Haar-Siegel measure?.

Let d > 2 be an integer, and consider two group homomorphisms ag: Z¢ — G and
ap: 7% — B with diagonalizable images, by which we mean that, for any element a = (a4 )ses
in ag(Z%) Uap(Z?), a, is diagonalizable over the algebraic closure Q,, for any o € S. Assume
that the image of the morphism ap is contained in the discrete subgroup A. Additionally, we
impose two conditions on the homomorphism a¢, one of algebraic and another of topological
flavour. Specifically, we assume on one hand that the image subgroup ag(Z?) consists of class-
A’ elements; our definition of a class-A" element (for which we refer to Section 3.2) was first
formulated by Einsiedler and Lindenstrauss in [17], and extends the class-A notion considered
earlier by Margulis and Tomanov in [42,43]. On the other hand, we require that the projection
of ag to the Qg-points of every Q-almost simple factor of G is topologically a proper map.

The group Z? acts by homeomorphisms on X and Y by precomposing the canonical actions
by right translations of G and B on their respective quotients with the homomorphisms ag
and ap. The Haar-Siegel measure my is obviously invariant under the Z%action. We equip
the solvable quotient Y with a Z%invariant measure my of maximal entropy® with respect to
the action of the subgroup ap(Z?): specifically, we assume that for every n € Z? the entropy of
my for the transformation induced by ag(n) on Y equals the negative logarithm of the mod-
ulus of the adjoint automorphism induced by ag(n) on the Lie algebra of B, restricted to the
ap(n)-contracted eigenspaces. For a precise formulation of the condition, and an explana-
tion of the terminology we adopt, the reader is referred to Section 3.3; relevant examples of
such measures include the Haar-Siegel measure on the finite-volume homogeneous subspace
A\B(Qs)) C Y and, more generally, any ap(Z?)-invariant probability measure on Y which is
also invariant under the Qg-points of the unipotent radical R,(B) of B. We further suppose
that finite-index subgroups of Z¢ act ergodically with respect to my-.

In the spirit of Ratner’s measure classification theorem for unipotent actions [57], and in
accordance with the analogous rigidity conjectures for diagonalizable actions formulated in [33]
and [41], it is natural to expect joinings of such actions be of algebraic nature. In [17], the
authors show that any ergodic joining of class- A" actions on perfect quotients saturated by
unipotents is a Q-algebraic measure (cf. [17, Def. 1.2]). The same conclusion holds in the
context of actions by unipotent elements, as shown by Tomanov [67] in a refinement of the
S-arithmetic extensions of Ratner’s results [42,58]. Translated into our context, this amounts
to the existence of a Q-subgroup L < G x B and a finite-index subgroup L < LM (Qg) such
that p is the unique uniform measure supported on a closed orbit of a conjugate of L.

Suppose, as it is the case in many relevant applications, that my is a QQ-algebraic measure
supported on a translated orbit AB;b of a finite-index subgroup B; < B1(Qg), where By is a Q-
subgroup of B containg R, (B). If i is a Q-algebraic joining of mx and my-, it necessarily follows
that the Q-subgroup L projects surjectively onto G and B; (cf. Proposition 8.1); since G is

This is only a mildly restrictive condition: if the solvable radical and the unipotent radical R.(G) of G
coincide (which is the case for a perfect group G), and the quotient G/R,(G) does not admit any Q-simple
factor Gy for which G;(Qg) is a compact group, there exists a finite-index normal subgroup G < G such that
the S-arithmetic quotient (I' N G1)\G1 is saturated by unipotents (see [17, Rmk. 3.2]). Observe that the group
generated by all the unipotent elements in G(Qg) is contained in G, as we shall clarify in Lemma 2.5.

3The proof of our main result shows that maximality of entropy is not strictly necessary for the theorems to
hold as stated. We are currently planning to generalize the results accordingly in a subsequent paper.
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perfect and B is solvable, they admit no non-trivial isomorphic quotients by normal subgroups,
hence Goursat’s lemma (see Proposition 8.2) forces L = G x Bj. Ignoring finite-index issues
for the sake of illustration, it follows that the only Q-algebraic joining possibly arising in this
setup is the product measure myx X my.

Accordingly, the chief goal of this article is to prove disjointness of the two measure-preserving
Z4%-actions on X and Y in the case of a Q-algebraic measure my, this is equivalent, as just
argued and up to finite-index, to asserting that every ergodic joining is Q-algebraic. We establish
the following theorem:

Theorem 1.1. Let G and B be, respectively, a perfect and a solvable Zariski-connected linear
algebraic group defined over Q, S a finite set of places of Q containing the infinite place,
G < G(Qgs) and B < B(Qg) finite-index subgroups. Let I' < G N G(Q), A < BN B(Q)
be S-arithmetic subgroups, and denote by X = I'\G, Y = A\B the respective homogeneous
spaces. Let d > 2 be an integer, and consider diagonalizable homomorphisms ac: Z¢ — G and
ag: 7% — A. Suppose ag is subject to the following conditions:

(1) the subgroup aq(Z?) < G is of class-A’ ;
(2) for any Q-almost simple factor Gy of G, the projection of ag to the group of Qg-points
Gs(Qg) is topologically a proper map.

Let myx be the Haar-Siegel measure on X and let my be a Z%-invariant probability measure on
Y with mazimal entropy with respect to the action of the group ap(Z%). Assume X is saturated
by unipotents, and finite-index subgroups of Z¢ act ergodically on (Y, my).

If p is a Z-invariant and ergodic joining of the measure-preserving actions of Z¢ on (X, mx)
and (Y, my), then p is trivial, that is, p equals the product measure mx Xmy. As a consequence,
the two Z-actions are disjoint.

Remark 1.2. As a consequence of the combination of the two assumptions on the homomor-
phism ag, finite-index subgroups of Z? act ergodically on the measure space (X, mx) as well.
A straightforward adaptation of the proof of Lemma 4.8 justifies this claim.

In particular, the last statement of Theorem 1.1 follows follows from the first assertion by the
following classical ergodic-decomposition argument: if p is a joining of the measure-preserving
actions of Z? on (X, my) and (Y, my), then choose a Z%ergodic decomposition (cf. Section 4.1)
p= [, p. dp(z), where (Z,C, p) is an auxiliary probability measure space. Then, since Z acts
ergodically on (X, my) and (Y, my), uniqueness of the ergodic decomposition implies that .,
is a Z%-invariant ergodic joining of my and my for p-almost every z € Z (cf. [21, Lem. 6.8]).
Therefore, p, = mx X my for p-almost every z € Z by the first assertion in Theorem 1.1,
whence 1 = mx X my-.

The bulk of the work lies in the proof of a more restrictive version of Theorem 1.1, in
which additional conditions regarding the eigenvalues of the acting elements are imposed. The
statement reads as follows:

Theorem 1.3. Let G and B be, respectively, a perfect and a solvable Zariski-connected linear
algebraic group defined over Q, S a finite set of places of Q containing the infinite place,
G < G(Qs) and B < B(Qg) finite-index subgroups. Let I' < G N G(Q), A < BN B(Q) be
S-arithmetic subgroups, and denote by X = I'\G, Y = A\ B the respective homogeneous spaces.
Let d > 2 be an integer, and consider homomorphisms ag: Z¢ — G and ag: Z¢ — A such that
the product homomorphism ag X ap: Z¢ — G x B is of class-A’ and, for any Q-almost simple
factor G4 of G, the projection of ag to the Qg-points Gs(Qg) is a proper map.

Suppose myx and my are probability measures on X andY , respectively, satisfying the same
assumptions as in Theorem 1.1.
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If p is a Z%-invariant and ergodic joining of the measure-preserving actions of Z¢ on (X, mx)
and (Y, my ), then p is trivial, that is, p equals the product measure myx X my. Hence, the two
Z%-actions are disjoint.

We precede an overview of the proof of Theorems 1.1 and 1.3 by a discussion of the motiva-
tions underlying the present work.

1.2. Disjointness and joint equidistribution of primitive rational points. The results
set forth in this article were motivated by the work of Einsiedler, Shah and the second named
author in [19], concerning joint equidistribution of primitive rational points on the product of
the two-dimensional torus with the unit tangent bundle of the modular surface. For the sake
of illustration, we provide a short description of the relevant results established therein, which
typify those obtained in the present work.

It was shown by Sarnak in [62] that closed horocycle orbits equidistribute, as the period of
the orbit goes to infinity, in the homogeneous space SLy(Z)\ SL2(R), which can be identified
with the unit tangent bundle of the modular surface SLy(Z)\H ([21, Chap. 9]). More precisely,

denote
(1t (10 _(y O
Uy = (O 1> ) te R? Vs = (3 1) , S € Ra Ay = (O y1> y Y € R>07

and the corresponding subgroups by U = {us : s € R}, V ={v; : t €e R}, A = {a, : y € Roo}.
Then, for any continuous compactly supported function f: SLy(Z)\ SLe(R) — C,

€T
e_T/ f(us - SLo(Z)a,-r)ds gare / fdu,
0 SLa(Z)\ SLa(R)
where p is the probability Haar measure on SLy(Z)\ SLy(R). For smooth functions, the state-
ment can be upgraded to a quantitative estimate of the error. It is then natural to ask whether
equidistribution carries over to sparser collections of points inside expanding horocycles. For
instance, consider the sets of primitive rational points

R, = {SLa(Z)ugnay, : 0 <k <n—1, ged(k,n) =1},

where (y,)n>1 1S a sequence of positive real numbers tending to zero. In general, the sets P, do
not distribute uniformly inside the space SLy(Z)\ SL2(R) as n goes to infinity, as obstructions
may emerge: for instance, if y, = n~! for every n, then an elementary computation shows that
P,, is contained in the negative horocycle orbit V' - SLy(Z), and actually the collection of pairs

P = {(SLa(Z)up/n, SLa(Z)upnan—1) : 0 < k <n—1,ged(k,n) =1}

equidistributes in (U - SLy(Z)) x (V - SLa(Z)) towards the product of the uniform probability
measures on the two orbits. Using Weyl’s criterion, this follows immediately from well-known
bounds on Kloosterman sums [37]. However, rescaling the sequence (y,,), by appropriate nega-
tive powers allows to retain equidistribution; for instance, it is proved in [19] that the collection

Pi/Q = {(k‘/n + Z, SLQ(Z)Uk/nanfl/z) 0<k<n— ]-7ng(]€7”) = ]'}

equidistributes in (Z\R) x (SLy(Z)\ SL2(R)) towards the uniform probability measure mr x p,
where T = Z\R. This statement is then improved to show joint equidistribution of P} and P2
under some congruence conditions (cf. [19, Thm. 1.3]): the collection

D, = {(k/n+Z,E/n+ Z, SLQ(Z)Uk/nan71/2) :0<k,k<n-—1kk=1modn}

equidistributes in T x T x (SLg(Z)\ SLy(R)) towards mr x mr X u, along sequences of integers
n which are coprime to two fixed distinct prime numbers p, ¢ € N. The key input for this joint
equidistribution statement is a disjointness result for products of certain diagonalizable actions
of the kind we consider in this manuscript, as we now briefly explain, referring to [19, Sec. 7]
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for the details. Let S = {p, ¢, 00} and denote Tg = Og\Qg and Xg = SLy(Og)\ SLa(Qg) the
S-arithmetic extensions of T and SLg(Z)\ SLa(R), respectively. The collection D, lifts to the
set of points

D = {(Os+k/n,Os+k/n,SLa(Og)t/na,-12) : 0 < k,k <n—1,kk =1 mod n} C Tgx Xs,

where k/n,E/n are considered as diagonally embedded in Qg, and likewise uy/p,a,-1/2 are
diagonally embedded in SLy(Qg); it then suffices to show that the sets D' ged(n, pg) = 1,
equidistribute with respect to the uniform measure on T% x Xg. It turns out that any weak*
limit v of the uniform measures supported on such sets is invariant under the action of Z? on
T% x Xg given by
(a,b) - (t,s,x) = (p2aq2bt,p’2“q’2bs,xapfaqu) , (a,b) € 7% t,s € Tg, v € Xg,
where p**¢?, p~2*¢~? are diagonally embedded in Qg and a@,-a,—» stands for the diagonal em-
—a,—b

bedding of the matrix (p Oq pgqb) in SLy(Qs). What is more, v projects onto the Haar
measures mrz, Myg ON the factors, owing to individual equidistribution on each factor. It is
thus a joining of the Haar measures for the projected Z*-actions on T% and Xg. Invoking

Theorem 1.1, of which [19, Prop. 7.5] and [19, Prop. 7.7] are special cases, for G = SL, and
B = G,, x G, (cf. Section 2.1 and 3.3) readily delivers v = mrz X Mmxg, as desired.

1.3. Outline of the proof of Theorem 1.1. We provide here a brief illustration of the
argument leading to the proof of Theorem 1.1, referring the reader to Sections 4, 7 and 8 for a
thorough treatment.

First, as we already alluded to, it is possible to reduce Theorem 1.1 to Theorem 1.3 by means
of the decomposition of semisimple elements into their elliptic and non-compact parts. This is
explained in Section 4.

In order to prove Theorem 1.3, a major ingredient is the following adaptation of Ratner’s
measure-rigidity results for unipotent actions (see [43], [17, Thm. 4.1] and [67, Thm. 2]), whose
forumlation reveals the importance of reducing Theorem 1.1 to Theorem 1.3.

Proposition 1.4. Let S be a finite set of places of Q containing the infinite place, H a
Zariski-connected linear algebraic group defined over Q, H < H(Qg) a finite-index subgroup,
A < H(Q)N H an S-arithmetic subgroup embedded diagonally in H, X = A\H the quotient
space. Assume A < H is a commutative subgroup of class-A" , U < H an A-normalized
Zariski-connected unipotent subgroup generated by one-parameter unipotent subgroups. Denote
by M the closed subgroup of H generated by A and U.

Let p be an M -invariant and ergodic Borel probability measure on X, pu = fX pé du(z) a
U-ergodic decomposition of u given by a family of conditional measures for u with respect to
the o-algebra £ of U-invariant sets.

(1) There is a Zariski-connected Q-subgroup L < H of class F and an element h € H with
Ah € supp p such that p is concentrated* on the orbit AN (L(Qg))h, where

Ny (L(Qs)) = {h € H : h normalizes L(Qg) and preserves the Haar measure my,qgg)}-

(2) There is a finite-index subgroup L < L(Qg) such that the following hold:
(a) h™'Lh contains U and is normalized by M ;
(b) for p-almost every x € X, the measure pé is the unique h™*Lh-invariant measure
supported on the closed orbit h~'Lh - x.

“Here we mean that u(ANY (L(Qs))h) = 1; notice that orbits of closed subgroups are always Borel subsets,
and the induced Borel structure turns them into standard Borel spaces (see [44, Thm. 2’]).
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Section 4.1 reviews the notions of conditional measures and ergodic decomposition. As far
as subgroups of class-F are concerned, we adopt here the terminology introduced in [67]: a
Zariski-connected Q-subgroup L < H is said to be of class F (relatively to the set of places
S) if, for any proper normal Q-subgroup Q < L, the group of Qg-points of the quotient L/Q
contains a unipotent element different from the identity.

It is convenient to introduce the following notation: H denotes the product group G x B,
which is a finite-index subgroup of H(Qg) for H = G x B, and A indicates the product
[' x A, so that I'\G x A\B and A\H are isomorphic as topological H-spaces. Denoting by
a=ag % ag: Z* — H the diagonal homomorphism, we may thus interpret the joining x as an
A-invariant and ergodic probability measure on A\H, where A = a(Z?).

For the time being, suppose we know that our Z%invariant ergodic joining p is U-invariant for
some non-trivial Zariski-connected unipotent subgroup U < H normalized by A and generated
by one-parameter unipotent subgroups. In light of Proposition 1.4, we deduce that p is, possibly
upon a translation by an element of H, invariant under a finite-index subgroup of the group of
Qgs-points of a connected Q-subgroup L, and is concentrated on an orbit of the unit normalizer
N} (L(Qg)). Since supp u contains an orbit of the group N} (L(Qs)), standard topological and
algebraic arguments allow to deduce that the normalizer Ng(L) of L in H projects surjectively
onto G on the perfect side. If B’ denotes the projection of Ng(L) onto B, then G and B’
have no non-trivial isomorphic quotients in common, being a perfect and a solvable group,
respectively. Goursat’s lemma (cf. Proposition 8.2) forces Ng(L) = G x B/, that is, L is a
normal subgroup of G x B'.

Now, if G is a Q-simple group, L can be decomposed as a direct product L; x Ly, where
L; < G and Ly < R,(B) are Zariski-connected normal subgroups. If L is non-trivial, it follows
readily that u is the product measure (see Proposition 8.7); else, Ly is non-trivial and we may
proceed by induction on the algebraic dimension of R,(B), taking its quotient by Ls. If G is
semisimple, a similar decomposition L = L; x Ly holds; we resort to induction once more, this
time on the number of Q-simple factors of G. Once the semisimple case is established, the
case of a perfect group G follows by considering a Levi decomposition and applying the rigidity
result in Proposition 8.10. All this is carried out in full detail in Section 8.

It remains to produce invariance under a non-trivial unipotent subgroup. For this we dis-
tinguish two separate cases, depending on whether the collections ¥(ag) and ¥(ag) of coarse
Lyapunov weights (see Section 3.1 for their definition) are distinct or not. In the first case,
assuming for instance that [a] is a coarse Lyapunov weight for ag not contained in ¥(ap), we
apply [17, Prop. 6.5] and [16, Thm. 7.9] to obtain invariance of z under the subgroup U = Gl
(defined in Section 3.1), which by construction is non-trivial and satisfies the assumptions in
Proposition 1.4. In the second case, additional invariance is obtained via either the high entropy
method, as outlined for instance in [17, Sec. 7], or through a form of rigidity of the entropy
function, adapted from more recent work by Einsiedler and Lindenstrauss on rigidity of higher
rank actions on solenoids (cf. [18]).

Acknowledgments. Ostensibly, a large portion of the arguments employed in this article is
inspired by [17]. We are deeply indebted to Manfred Einsiedler for teaching us the underlying
theory and for constant assistance along the way. M.L. would like to express his deep gratitude
to Elon Lindenstrauss and to the Einstein Institute of Mathematics at the Hebrew University of
Jerusalem, where this project was started. M.L. is further indebted to Menny Aka, Uri Bader
and Osama Khalil for several discussions concerning this project.
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2. PRELIMINARIES ON ALGEBRAIC AND ARITHMETIC GROUPS

In this section, we introduce standard terminology and notation concerning linear algebraic
groups, their Lie algebras and their S-arithmetic subgroups, which will be employed throughout
the article. We mainly refer the reader to [2,3,40,53,65] for comprehensive treatments.

2.1. Linear algebraic groups. We first recall that a place of Q is an equivalence class of
its completions (cf. [72, Chap. 3]). It is well-known that places of Q are in one-to-one corre-
spondence with the set P U {oo}, where P = {2,3,...} is the set of rational primes, and the
correspondence is given by the embeddings of QQ into Q. := R and into the fields of p-adic
numbers Q,, for any p € P. Throughout the manuscript, S C P U {oo} denotes a finite subset
of places of QQ containing the infinite place.

Let k be an algebraically closed field of characteristic zero. A linear algebraic group over k is
a subgroup G < GLg4(k) of invertible matrices which is defined by polynomial equations® with
coefficients in k; more precisely, there exists a set of polynomials 7" C k[ X1, ..., X44] such that

G = {l‘ = (xij)lgi,jgd € GLd(k}) : f({L‘ll, ce ,Idd) =0 forall f e T}

If F C k is a subfield, we say that G is defined over F' (or that G is an F-group) if 7' can
be chosen inside F[X11, ..., Xgq; in characteristic zero, this is equivalent to requiring that the
complete ideal of relations of G

Z(G) ={f € k[X11,..., X : f(x) =0 for all z € G}

is generated by the F-submodule Zp(G) := Z(G) N F[X11, . .., X4 If G is defined over F', we
denote by G(F) = G N GL4(F) the subgroup of the F-points of G.

We say that a linear algebraic group G is Zariski-connected (or simply connected) if it cannot
be written as the union of two proper subsets, each of which is the zero locus of a family of
polynomials with coefficients in k. Throughout the article, we shall tacitly assume that every
linear algebraic group we deal with is Zariski-connected, unless otherwise specified.

Given two linear algebraic groups G < GLg4(k) and H < GLg (k) over the field k, it is
straightforward to check that the product G x H, canonically embedded via block-diagonal
matrices in GLg 4 (k), is a linear algebraic group over k. Furthermore, if G and H are Zariski-
connected, then so is G x H [65, Thm. 1.5.4].

With G, and G, we shall denote, respectively, the k-algebraic groups given by the additive
group of the field k£ and the multiplicative group k> of its invertible elements.

If G is a linear algebraic group over k, an algebraic subgroup of G is a subgroup H < G
which is itself a linear algebraic group. We say that H is an F-subgroup if it is defined over F'.

We say that a connected linear algebraic group G < GLg(k) is:

e perfect if G coincides with its own commutator subgroup [G, G;

e solvable if it is solvable as an abstract group, meaning that the derived series
G’ = G,G"" =[G, GY] for i > 0, terminates in the trivial subgroup;

e unipotent if it consists of unipotent elements, that is, for all g € G there exists a positive
integer n such that (¢ — 14)" = 0, where 1, denotes the identity matrix in GL4(k);

e diagonalizable if it is commutative and consists only of semisimple elements: for any
g € G there is h € GL4(k) such that hgh™! is a diagonal matrix;

e simple if it does not contain any non-trivial, proper, Zariski-connected normal subgroup;

SWe prefer working with this elementary definition of linear algebraic groups, rather than with the well-
established, more general notion (cf. [3,65]). This doesn’t restrict the scope of our considerations, as all the
arguments are unaffected by replacing the given linear algebraic groups with isomorphic copies; as is well-
known (see, for instance, [65, Thm. 2.3.7]), every linear algebraic group, according to the abstract definition, is
isomorphic to an algebraic subgroup of some GLg.
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e [-almost simple if it is defined over a subfield F' < k and does not contain any non-
trivial, proper, Zariski-connected normal F-subgroup;
e reductive if it does not contain any non-trivial Zariski-connected unipotent normal sub-
group;
e semisimple if it does not contain any non-trivial Zariski-connected solvable normal sub-
group.
Given a linear algebraic group G, the radical of G, denoted by R(G), is the maximal Zariski-
connected solvable normal subgroup of G; the unipotent radical of G, indicated with R,(G),
is the maximal Zariski-connected unipotent normal subgroup of G.

Let G < GL, be a linear algebraic group over k; for any element g € G, there is a unique pair
(gss, gu) € G? such that ¢ = gsgu = Gugss, Jss 1S semisimple and ¢, is unipotent; this is called
the multiplicative Jordan decomposition of g. The elements g, g, are called, respectively, the
semisimple and the unipotent part of g. If G’ < GL,, is another k-group and p: G — G’ is a
morphism of algebraic groups, then p(gss) = p(9)ss, P(gu) = p(g)y for any g € G.

Hereinafter, we shall confine ourselves to linear algebraic groups defined either over QQ or over
Q,, for o a place of Q.

It is worth listing a couple of well-known structural results for linear algebraic groups, to
which we shall repeatedly appeal. The first is the Levi decomposition:

Theorem 2.1 (cf. [53, Thm. 2.3)). Let G be a Zariski-connected linear algebraic group defined
over Q, Ry(G) its unipotent radical. There exists a Zariski-connected, reductive Q-subgroup M
such that G is the semidirect product M x R,(G). Moreover, the commutator subgroup [M, M|
1s a semisimple Q-subgroup.

Any subgroup M as in the stament of Theorem 2.1 is called a Levi factor of G.

Next, we recall the structure theorem for semisimple groups:

Theorem 2.2 (cf. [53, Prop. 2.4]). Let G be a semisimple linear algebraic group defined over
Q, (Gy)iesr the collection of minimal non-trivial Zariski-connected normal Q-subgroups of G.
Then I is a finite set and G is an almost direct product of the G;. In particular, G is an almost
direct product of Q-almost simple groups.

Spelling out the statement, the product map [[,.; G; — G is a surjective morphism of
algebraic groups (cf. [65, Chap. 2] for the definition) with finite kernel. The G;’s are called the
Q-almost simple factors of G.

More generally, suppose that G is a perfect Zariski-connected Q-group; if G = M x R,(G)
is a Levi decomposition as in Theorem 2.1, then M = [M, M] is semisimple. By a slight abuse
of terminology, we shall refer to the Q-almost simple factors of a given Levi factor Gy of G
as the Q-almost simple factors of G. Whenever we adopt this terminology, we thus assume
implicitly that a choice of a Levi factor has been made in advance.

Let now L be a Zariski-connected normal Q-subgroup of a Zariski-connected, semisimple
Q-group G; if Gy, ..., G, are the Q-almost simple factors of G, then the projection to G; of
the inverse image of L under the isogeny G X - - - X G, — G is a normal connected Q-subgroup
of the Q-almost simple group G;, whence it is either the trivial group or the whole G;, for all
1=1,...,r. More is true, namely:

Corollary 2.3. Let G be a Zariski-connected, semisimple Q-group G with Q-almost sim-
ple factors Gq,...,G,, L a non-trivial, Zariski-connected normal Q-subgroup. There is a
unique subset J C {1,...,r} such that L is the image of [[..; G; under the canonical map
[, G; = G, and LN G; is finite for all i ¢ J.

jeJ
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2.2. Lie algebras of linear algebraic groups. We now intend to review the necessary back-
ground on Lie algebras of linear algebraic groups. Specifically, we aim to define and survey the
basic properties of Lie algebras of groups of the form G = G(Q,), where G is a linear algebraic
group defined over Q and p is a finite place of Q. As for real Lie groups, these Lie algebras
encode locally the structure of the group operations, and thus are peculiarly meaningful to the
understanding of the sort of dynamics we are interested in. We also refer the reader to [29] for
a more extensive treatment of the topic.

Let Matq4(Q,) denote the set of square matrices of size d with coefficients in Q,, equipped
with the unique Hausdorff topology making it into a topological vector space over Q,. We
endow Matg4(Q,) with the norm ||x|]p = SUP;<; j<d |z |, for any x = (2;;)1<ij,<d € Matgq(Q,),
where | - |, denotes, as before, the p-adic absolute value on Q,. Given ¢ > 0, we shall adopt the
shorthand notation (—¢,¢), = {t € Q, : |t|, < e}.

Definition 2.4. An analytic curve into Maty(Q,) is a map ¢: (—¢,¢), — Mat(Q,) such
that

G(t) = thay, t € (—c,9),
k=0

where z;, € Matyq(Q,) for all £ > 0 and the series is absolutely convergent for all t € (—¢, ¢),,.

Given an analytic curve ¢ into Matgq(Q,), we define the tangent of ¢ to be x; € Matyq(Q,),
and write ¢'(0) = x1. If G < GL4(Q,) is a subgroup, by an analytic curve in G we mean an
analytic curve ¢ such that ¢(t) € G for all t € (—¢,¢), and ¢(0) = 1,. An analytic curve ¢ is
called an analytic one-parameter subgroup if

¢<t1 -+ t2) = ¢(t1)¢(t2) for all tl,tg € (—8, €)p

Motivated by the analogous notion in the setting of real Lie groups, we define the Lie algebra
g of the group G = G(Q,) as the set of all tangents to analytic one-parameter subgroups in G.
We claim that g is indeed a Lie subalgebra of Matgq(Q,), and for the sake of completeness we

sketch the standard argument for this hereunder.
1
We recall that we may define an exponential map on the open ball of radius r, = p~ 71
around 0 in @, via the usual formula

n

xXr __1_
exp () =Y fal, <p 7 (2.1)

n>0

Its inverse is given by the logarithm, defined on the open ball of radius r, around 1 as

x?’l/
log (1 =) (-1)"— :
g(1+0) = S (-0 ], <,
n>1
Just as in the real case, these two functions may be extended to appropriate subsets of
1
Matqq(Q,). Specifically, if r, = p~#—T denotes the radius of convergence of the exponential
power series in (2.1), then, for any x € Matqq(Q,) such that ||z, <, we set
o x_n o _ n+1x_n
exp(a) =305 log(14a) = 31
n>0 n>1
so that exp (log (1 +)) = 1 + x and log (exp (z)) = x for any x € Matyq(Q,) with ||z, < 7,
as follows from standard manipulation of formal power series.
By means of the exponential function, it is straightforward to show that we may equally
consider tangents to arbitrary analytic curves in G to define its Lie algebra, instead of restricting
ourselves to one-parameter subgroups; more precisely, we have that

g = {z € Maty(Q,) : 3 ¢: (—¢,¢), — G analytic with ¢'(0) = =} . (2.2)
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Indeed, if ¢: (—¢,¢€), — G is an analytic curve with tangent ¢/(0) = x € Matyq(Q,), then an
easy calculation shows that

r = lim p~*log ¢(p") . (2.3)
k—o0

Let B, (14) denote the open ball of radius r, around the identity matrix in Matz(Q,). Since
U =log (B,,(14) N G) is a compact subset of Matgq(Qy), its cone C(U) = {A\z: A € Q,,xz € U}
is closed. Thus, (2.3) implies that = € C(U), so that Az € U for some A € Q,. Therefore, the
curve 1(t) = exp (tz), defined for |¢|, sufficiently small, is an analytic one-parameter subgroup
in G with tangent x (we refer the reader to [29] for the details of this argument). The fact that
g is a Lie subalgebra of Maty,(Q,) is now a direct consequence of the equality in (2.2).

We hasten to add that the previous construction (and the ensuing observations) works equally
well for any closed subgroup G < GL4(Q,). Conversely, it turns out that for any Lie subalgebra
g of Mat.4(Q,) there exists a closed subgroup G < GL4(Q,) having g as its Lie algebra in the
above sense (actually, it suffices to define G = exp (g N B,,(0))).

2.3. Linear algebraic groups over local fields. If G < GL4(C) is a linear algebraic group
defined over R, the group G(R) of its real points is equipped with the topology induced by
the euclidean topology on R?, making it into a locally compact topological group.® Similarly,
if G is a p-adic linear algebraic group (that is, G < GL4(Q,) for some algebraic closure Q,
of Q,) defined over Q,, we equip G(Q,) with the subspace topology derived from the unique
Hausdorff topology making QZQ into a topological Q,-vector space.

If 0 is a place of Q and G is a Q,-group, a one-parameter Q,-subgroup of G is a mor-
phism ¢: G, — G of algebraic groups defined over QQ,. It is called a one-parameter unipotent
Qy-subgroup if ¢(G,) consists only of unipotent elements. Abusing terminology, we shall also
refer to the image ¢(G,) as a one-paramter unipotent subgroup; the intended meaning is each
time clear from the context.

We record here the following statement about one-parameter unipotent subgroups.

Lemma 2.5. Let 0 be a place of Q, G < GLy a Q,-group, g € G(Q,) a unipotent element.
Then g is contained in a one-parameter unipotent Q. -subgroup U of G. If I is a subfield of Q,
and g € G(F), then the one-parameter subgroup is defined over F. Moreover, if G < G(Q,) is
a finite-index subgroup, then U(Q,) < G.

Proof. Let X = logg. This is well-defined as ¢ is unipotent. Note that X € Matyy(F) if
g € G(F). Hence the group U < GL,; given by the image of the morphism G, — GL,,
t — exp(tX), is a closed subgroup defined over F. The group U is clearly one-dimensional.
As H = {¢™ : m € Z} is infinite, the Zariski closure of H is at least one-dimensional”. U is a
one-dimensional, Zariski-connected, Zariski-closed subgroup containing H, and hence U is the
Zariski closure of H. As G is Zariski closed and H < G, we get U < G. Finally, we get

U(@U) =UnN GLd(QU) <GnN GLd(QU) = G(@o)

Note that the Jordan normal form of X is defined over Q,. Using this, it is easy to see that
exp(tX) € GL4(Q,) if and only if ¢t € Q,. In particular, U(Q,) agrees with the image of the
unipotent one-parameter subgroup ¢ — exp(tX), t € Q,.

Assume now that G < G(Q,) is a closed subgroup of finite index and suppose without loss
of generality that G is normal in G(Q,). By the second isomorphism theorem we have

U(@,)/(U(@) N G) = (U(Q,)G) /G < G(Q,)/G.

6Unless otherwise specified, all topological spaces under considerations are assumed to be locally compact,
Hausdorff and second countable.
"We refer to [65, Sec. 1.8] for the notion of dimension of an algebraic variety.
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Hence U(Q,) N G has finite index in U(Q,). It therefore suffices to show that Q, does not
have any non-trivial closed subgroup of finite index. If ¢ is infinite, this is immediate. Hence
we assume that ¢ = p is a finite prime. Let L < @Q, be a closed subgroup of finite index. As
Qy is abelian, L is a normal subgroup, and hence we obtain an isomorphism between the group
of characters of Q,/L and the unitary characters y: Q, — S' = {z € C : |z| = 1} satisfying
L < ker x. Any such character has finite range, Which/\will give the desired contradiction. To
this end, we recall that the Pontryagin dual (cf. [22]) Q, is isomorphic to Q, via the following
explicit isomorphism. Fix a character x1: Q, — S' which maps ¢t = Y7, axp® € Q, to

x1(t) = exp (2%1_2 akpk> :

k=0
The isomorphism v : Q, — @, is then given by
'(ﬁ(d)(t) = X1<at) ) CL,t € Qp-

From this it is easy to see that no non-trivial character of @@, has finite range. Indeed, let
a € Q,\{0}, then ¥(a)(p~"a™!) is a primitive p"-th root of unity whenever n € N. In particular,

—_—

the range of ¢(a) contains all roots of unity, and hence is infinite. As Q,/L separates points
([22, Thm. 3.34]), this implies that Q,/L is trivial, that is, L = Q,. O

2.4. S-algebraic groups and S-arithmetic subgroups. The main reference for this subsec-
tion is [40]. In the sequel, a linear algebraic group G defined over Q, or, concisely, an algebraic
Q-group, is always intended to be a subgroup of some GL4(Q); conforming to a well-established
convention, we shall drop the reference to Q and simply write GL; when we refer to the full
group of Q-points of GLy.

If G < GLg4 is an algebraic Q-group and o is a place of Q, there is an obvious way to
identify G with a linear algebraic group over the field Q,; thus, we can consider the group of
its Q,-points defined as G(Q,) = G(Q,) N GL4(Q,).

Given a finite set of places S of Q containing the infinite place, we denote by Qg = [] g Qs;
moreover, for each element ¢t = (t,)ses € Qg, we let [t|g =[], cq tolo

If G an algebraic Q-group, the notation G(Qg) stands for the set of its Qg-points, that is,
G(Qs) = ]],cs G(Qs), which is a locally compact group for the product topology.

Definition 2.6. An S-algebraic group G is a finite-index subgroup of G(Qg), where G is an
algebraic Q-group and S is a finite set of places of Q containing the infinite place.

Given an S-algebraic group G < G(Qg), we define the unit group of G as the subgroup

G = {g — (go)oes € Gy € Xg(G), [ Ix(ow)ls = 1} |

o€eS

where Xo(G) denotes the group of Q-characters of G, that is, of morphisms of Q-groups
G — Gy, defined over Q.

We now turn to the discussion of S-arithmetic subgroups and lattices. For the sake of
completeness, we recall that a lattice in a locally compact group G is a discrete subgroup
[' < G such that the topological space of right cosets X = I'\G admits a Borel probability
measure my, called the Haar-Siegel measure on X, which is invariant under the action of G on
I'\G by right translations g - T'gy = T'gog™', g, go € G; this means that mx(g- A) = mx(A) for
any g € G and any Borel set A C X. If we equip G with a metric dg inducing its topology and
invariant under left translations,® there is a derived metric dx inducing the quotient topology

81t is a theorem of G. Birkhoff and Kakutani that any Hausdorff, first countable group G admits such a
metric, see [45, Sect. 1.22]



DISJOINTNESS OF ALGEBRAIC ACTIONS ON SEMISIMPLE AND SOLVABLE QUOTIENTS 13

on X and defined by
dx(I'g,Th) = inf da(ng,1eh) = inf de(vg, h) ,
Y1,72€l ~er
for any I'g,I'h € X, where the second equality follows from left-invariance of dg.

For any set of places S of Q, we define the ring of S-integers of QQ as
Os ={x € Q: |z|, <1 for every finite place p ¢ S} ;

in particular, if S is finite and S\ {oo} = {p1,...,p,}, then Og = Z[p;*, ..., p;}].

For any algebraic Q-group G < GLg4, we may consider the subgroup of its Og-points, defined
as G(Og) = G(Q) N GL4(Os). The subgroup G(Os) embeds diagonally in the product group
G(Qg); the image, which we shall identify with G(QOg), is a discrete subgroup. It turns out
that G(Og) is actually contained in the unit group G(Qg) of G(Qg), and it is a lattice in it:
this follows combining [53, Thm. 5.6] and Proposition A.3 in the appendix.

Recall that, given an abstract group G, two subgroups H;, Hs of G are called commensurable
if their intersection H; N Hy is of finite index both in H; and Hs. In the following definition,
both G(Og) and G(Q) are identified with their diagonal embeddings in G(Qg).

Definition 2.7. Given an S-algebraic group G < G(Qg), an S-arithmetic subgroup is a sub-
group I' < G N G(Q) which is commensurable to the subgroup of S-integral points G(Og)

Notice that, for every S-arithmetic subgroup I' of an S-algebraic group G < G(Qg), the
intersection I' N G is a lattice in the unit group G; in particular, if G has no non-trivial
Q-characters (which is the case, for instance, if G is perfect) then I' is a lattice in G ([4]).

Henceforth, we shall employ the term S-arithmetic quotient to refer to a homogeneous space
of the form X = I'\G, where G is an S-algebraic group and I' < G is an S-arithmetic subgroup.

3. GENERALITIES ON DIAGONALIZABLE ACTIONS

3.1. Lyapunov weights and (un-)stable leaves. For this subsection, we mostly follow [9,
Sec. 4]. Let G < G(Qg) be an S-algebraic group; we define the Lie algebra of G as g :== @, ¢ 9o,
where g, is the Lie algebra of G(Q,) as defined in Section 2.2. It is endowed with a canonical
structure of Qg-module. By abuse of language, we shall refer to a QQg-submodule of g as a
subspace.

For convenience of the reader, we include the following result which will be needed in the
forthcoming discussion on characters.

Lemma 3.1. IfV C g is a subspace, then it decomposes as a direct sum V = @__o V,, where

V, C g, is the subspace defined by the projection of V' to g,.

oeSs

Proof. Given o € S, let §, € Qg denote the element with components (4, ), equal to 1 if o = 7
and 0 otherwise. Every element v € V satisfies v = Zoe ¢ 0ov with d,v € g,. This implies in
particular that @, .4V, C V. The opposite inclusion is clear. [l

Denote by Ad the adjoint action of G on its Lie algebra g, which is defined componentwise
as Ady(z) = gxg™! for any ¢ € G,z € g. Consider now a diagonalizable homomorphism
a: 7% — @; then g decomposes as the direct sum of subspaces which are invariant under the
action of any automorphism Adyy),n € Z%. More precisely, let Qg denote the product of the
algebraic closures Q,, o € S, and @X be the set of its invertible elements; there exist finitely
many characters y: Z¢ — @X and non-trivial subspaces gX such that g = @X gX and

(Adoa)(n)z = x(n)z, z€ ¥ ®Qg, neZ¢.

For each o € S, let x, be the projection of x to Q,. As a consequence of Lemma 3.1, we may
always decompose a character arising, as before, as an eigenvalue of the homomorphism a into
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a product x =[], cq Xo, Where X, : 74 — @X is either trivial or an eigenvalue of the projection
of a onto G(Q,) acting on g, ® Q,. Henceforth, we shall call characters of a those characters
X arising from eigenvalue-characters y: Z¢ — @X. It will be convenient to consider y, as a
Qs-valued function by setting (x,(n)), = 1 for all n € Z¢ and for all o’ € S\ {o}.

Recall that the absolute value | - [, admits a unique extension to an absolute value on the
algebraic closure Q, ([60, Chap. 3]). We shall adopt the same notation | - |, for such extension.

Definition 3.2. A Lyapunov weight of a is a functional a: Z¢ — R such that there exists
o € S and a character x,: Z¢ — Q,  of a satisfying a(n) = log |x(n)|, for any n € Z%.

We denote by ® the set of all Lyapunov weights of a. In the qualitative analysis of Lyapunov
weights we shall presently conduct, the precise size of a single weight is immaterial. Instead,
we shall be interested in the set of all @ € ® (and the corresponding eigenspaces) for which
a(m) > 0 (or a(n) < 0), for some fixed n € Z%. Moreover, the subspace of all eigenvectors
corresponding to a given Lyapunov weight « is not in general a subalgebra of g. The following
definition takes care of both issues.

Definition 3.3. A coarse Lyapunov weight of a is an equivalence class for the equivalence
relation ~ on ® defined by o ~ f if there exists ¢ > 0 such that a = ¢f.

We shall indicate with [®] = ®/ ~ the set of all coarse Lyapunov weights of a.
Given [a] € [®] a coarse Lyapunov weight of a, define
Yo = {x: Z* — Qg : x is a character of a and log |x|s € [a]}

and

we refer to gl as the coarse Lyapunov weight space corresponding to [af].

Lemma 3.4 ([9, Prop. 4.9, Prop. 4.11]). For any coarse Lyapunov weight [a] € [®] of a, the
subspace ¢\ is a nilpotent subalgebra of g.

Corollary 3.5 ([9, Prop. 4.11]). Let [a] € [®] be a coarse Lyapunov weight of a. Then the ex-
ponential map exp: gl®l — G is well-defined everywhere and its image G'* is a closed unipotent
subgroup of G with Lie algebra gl*.

We shall actually need a slight generalization of the former construction. For an arbitrary
collection ¥ C ¢ of Lyapunov weights of a, define

g = Z glel .
aeV¥
The analogue of Corollary 3.5 in this more general context reads as follows:
Lemma 3.6 ([9, Prop. 4.11]). Assume W C ® is a collection of Lyapunov weights of a satisfying

[ + U] N [®] C [V]. Then the subspace gi¥! is a nilpotent subalgebra of g. Furthermore, the
associated group GI¥! = exp gl¥! is a closed unipotent subgroup of G with Lie algebra g/l

As in [17], a Zariski-connected unipotent subgroup of G is intended to be the image under the
exponential map of a Lie subalgebra of gl%!, where U C ® satisfies the condition in Lemma 3.6.

We now come to the definition of stable and unstable subgroups for a fixed element of the
group a(Z?) < G.
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Definition 3.7. Let a: Z% — G be a diagonalizable homomorphism, ® its associated set of
Lyapunov weights, n € Z¢. The a(n)-stable horospherical subgroup of G is defined as

G = (G aed amn)<0).

a(n)
Similarly, The a(n)-unstable horospherical subgroup of G is defined as

G = (G aed, a(n)>0).

Notice that we may have equivalently set

Gum=1{9€G: a(n)*ga(n)™ — eq as k — +oo}

and
G:(n) ={g € G:an)"ga(n)* — eq as k — +oo},
which in particular gives readily G:;(n) = G(;(—n) (which follows also directly from Definition 3.7).

Remark 3.8. A brief remark about terminology is in order. We will focus our attention on the
action of a single element a(n) (n € Z¢) on the space X = I'\G, where recall that an element
g€ Gactson X by g-T'h=Thg!. Now suppose v € X, g € G;(n) and let y = g - x; then, for
every integer k,
a(n)* -y = a(n)*ga(n)™" - (a(n)" - ),
so that
dx(a(m)* -z, a(n)* - y) < dg(a(n)*ga(n)™, eq) = 0 as k — +oo .

Hence the orbit of x under the action of the subgroup G;(n) is contained in the stable manifold
through z for the action of the element a(n) (cf. [7]). This property is the reason why Gony 18

called the stable horospherical subgroup. The same considerations apply to G;“(n) as well.

3.2. The class-A" assumption. The upcoming definition of class-A’ elements and homomor-
phisms is taken from [17].

Definition 3.9. Let G < G(Qg) be an S-algebraic group. A diagonalizable element a € G is
said to be of class- A’ if the following hold:

e the projection of a to G(R) has positive real eigenvalues;
e for each finite p € S, the projection of a to G(Q,) is such that all of its eigenvalues are
powers of \,, where \, € Q) is some invertible element with [A,[, # 1.

A subgroup A < G is said to be of class-A’ if every element of A is of class- A" . Finally, if
d > 1 is an integer, a homomorphism a: Z4 — G is said to be of class-A’ if its image a(Z?) is
a subgroup of G of class-A’ .

Throughout the article, we shall only consider class- A" subgroups arising as images of class-
A’ homomorphisms; in particular, they are always simultaneously diagonalizable.

3.3. The assumption on the solvable factor. In order to elucidate the meaning of the
requirement we impose on the measure my on the solvable quotient, we briefly recall the
entropy formula for translations on homomogeneous spaces (cf. [42, Sec. 9], [36, Thm. 2.1.3]).

Proposition 3.10. Let Y = A\B be an S-arithmetic quotient, a = (a,)ses € B a diagonal-
1zable element, p an a-invariant probability measure on Y. Let A\i,..., \. € ers@ be those
eigenvalues of the adjoint automorphisms Ad,, : Lie(B(Q,)) — Lie(B(Q,)) of o-adic absolute
value strictly less than 1. Then the entropy with respect to ju of the transformation induced by
a on'Y is bounded from above by

hu(a) < = mjlog|Al (3.1)
=1
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where m; is the multiplicity of the eigenvalue \; for any i =1,...,r. Moreover, if A is a lattice
in B and p is the Haar-Siegel measure on A\ B, then equality holds.

The precise formulation of the maximal-entropy assumption we place on the measure my
reads thus as follows: we say that my has maximal entropy with respect to the action of a
diagonalizable subgroup Ap < B if, for any a € Ag, equality holds in the formula (3.1).

Since coarse Lyapunov subgroups for the Z?-action associated to the homomorphism ap are
unipotent (Corollary 3.5), they are all contained in R,(B)(Qg). Therefore, Proposition 5.3
readily implies that any ap(Z?)-invariant measure my which is additionally invariant under
R.(B)(Qs) has maximal entropy with respect to the ag(Z?)-action on Y. This provides a rich
class of Q-algebraic measures (cf. Section 1) satisfying the maximal entropy assumption, namely
any Q-algebraic measure supported on a translated orbit ABb, for an element b € B and a
finite-index subgroup B; < B1(Qg) of the Qg-points of a Q-subgroup B; containing R,(B).

An informative example: toral automorphisms. As a salient class of actions on solvable
quotients dealt with by Theorem 1.1, we mention Z%actions by automorphisms of real compact
nilmanifolds, which can be recast in the framework of actions by translations on homogeneous
spaces. The same realization can be performed for automorphisms of compact abelian groups
of the form G7(Og)\G2(Qs), for n > 1 an integer.

For simplicity of exposition, we discuss the case of the compact abelian group T" = Z™\R".
It is well-known that any orientation-preserving automorphism of the Lie group T" is given by
T" 5 Z"+x — Z"+bx € T", where b is a matrix in SL, (Z) and bz denotes the standard matrix
product between b and the column vector x € R™. Let now by, ...,bs be d commuting matrices
in SL,(Z), and assume that they are diagonalizable (over Q); denote by D the Zariski closure,
inside the Q-group SL,,, of the subgroup generated by {by,...,b;}. Then D is a diagonalizable
Q-group,’ acting canonically by automorphisms of the commutative, unipotent Q-group G”;
we may thus form the semidirect'” product B = D x G", which is a solvable Q-group with
unipotent radical GI.

The action of an element (by,0) € B(R) by right translations on B(Z)\B(R) is given by
B(Z)(b, z) — B(Z)(bby, x), indicating with bby the standard matrix product, as before.

Notice that, if by is an element of D(Z) and b = 1,, is the identity matrix, then B(Z)(bby, z) =
B(Z)(by, z) = B(Z)(1,,, by x). Therefore, the projection of G*(R) = R" < B(R) to B(Z)\B(R),
which is homeomorphic to T, is invariant under the Z%action on B(Z)\B(R) arising from the
homomorphism ap: Z¢ — B(R) given by ap(e;) = b;,i = 1,...,d; furthermore, this restricted
action is topologically conjugated to the Z%action on T" induced by the matrices by, . .., by.

3.4. Failure of disjointness in rank one. Let us now explicate, by means of counterexam-
ples, how Theorem 1.1 fails in the absence of the higher-rank assumptions on the homomor-
phisms ag. Suppose that Z acts on SLs(Z)\ SLy(R) by

ez 0
this is the Z-action on the unit tangent bundle of the modular surface SLy(Z)\H via the x1-
map of the geodesic flow (cf. [21, Sec. 9.4]); as shown by Ornstein and Weiss in [49], geodesic
flows on hyperbolic surfaces have the Bernoulli property, which in particular entails that the
invertible measure-preserving system given by the x1 map of the flow is measure-theoretically
isomorphic to a Bernoulli shift. For the solvable factor, we take the Z-action on the two-torus

) , g€ SLQ(R),TL S Z,

T? given by the hyperbolic matrix (? D, this induces what is known as an hyperbolic toral

9The group D is defined over Q since the matrices by, ..., bg have rational coeflicients, see [40, Chap. I].
OFor the sake of clarity, the group law we consider here is given by (d,z)(d’,z') = (dd',z + da') for any
(d,z),(d,z') € B.
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automorphism, which is again isomorphic to a Bernoulli shift [34]. Therefore the two Z-actions
are isomorphic, which is at the opposite extreme of being disjoint.

4. DISJOINTNESS WITHOUT EIGENVALUE RESTRICTIONS ON THE SOLVABLE FACTOR

The aim of this section is to illustrate how the statement of Theorem 1.1 can be derived from
the version phrased in Theorem 1.3, that is, from the case where the diagonal homomorphism
a: Z¢ — H is of class-A’ . This reduction then enables us to apply Proposition 1.4, in which
the class- A" assumption is essential (cf. [42]), to the S-arithmetic quotient A\ H, as outlined in
the introduction and thoroughly carried out in Section 8.

The deduction of Theorem 1.1 from Theorem 1.3 relies crucially on the decomposition of
diagonalizable elements into compact and non-compact parts; for the reader’s convenience, we
briefly recall it hereunder (see also [17, Cor. 3.3] and its proof).

Let G be a connected R-group, a € G(R) an element which is diagonalizable over C. There
is a unique decomposition a = ey into commuting semisimple elements acy, an. € G(R) such
that aey has only complex eigenvalues of absolute value one and a,. has positive real eigenvalues.
The elements aey and a,. are called, respectively, the elliptic and non-compact part of a. If
(ax)ren is a commuting family of diagonalizable elements, then their elliptic and non-compact
parts all commute with each other; moreover, there exists an R-split subtorus T < G such that
the connected component, for the analytic topology on G(R), of the group T(R) of its real
points contains all the non-compact parts of the collection (ay)xea.

Remark 4.1. If G < G(R) is a finite-index subgroup containing the set {ay}ea, then it
contains the set of their non-compact parts (and hence the set of their compact parts as well),
since G contains any connected subgroup of G(R).

Fix now a non-archimedean place o = p, for a positive prime p, and recall that the unique
extension of | - |, to an absolute value on a fixed algebraic closure Q, takes values in the set
{0} U {p* : @ € Q}. Suppose that G is a connected Q,-group, and let a € G(Q,) be a
diagonalizable element all of whose eigenvalues (in @) have p-adic absolute value which is an
integer power of p; this is the case, for instance, if a is diagonalizable over Q,. Then there
is a unique decomposition a = aeyay. into commuting semisimple elements aen, ane € G(Q,),
referred to, respectively, as the elliptic and the non-compact part of a, such that all eigenvalues
of a.y have p-adic absolute value one, and all eigenvalues of a,. are integer powers of the
uniformizer p € Q,. As for the real place, if we start with a commuting family of diagonalizable
elements in G(Q,), then all their elliptic and non-compact parts commute with each other;
furthermore, all the elliptic parts belong to the compact subgroup G(Z,) < G(Q,). Finally, if
a € G(Q,) is diagonalizable over Q,, the decomposition into elliptic and non-compact part can
be applied to a power a’ for some integer j > 1.

Remark 4.2. Suppose a is a diagonalizable element contained in a subgroup G < G(Q,) of
finite index ¢ € N, and let @/ = aepay. be the elliptic-non compact splitting in G(Q,) of a power
of a. Applying Lagrange’s theorem to a normal finite-index'! subgroup N < G(Q,) contained
in G, it follows that the powers a’;, and a“. both belong to N, and hence to G.

If now aq,...,aq are d commuting diagonalizable elements contained in G and generating a
subgroup A, let j be an integer such that ag admits an elliptic-non compact decomposition for
every ¢ = 1,...,d. Then the elliptic and non-compact parts of a{ﬂ, e ,aff! belong to G, and
the subgroup Ay generated by a{[!, o ,aff! has finite index in A.

1Such a normal subgroup N can be obtained as the intersection of all conjugates of G inside G(Qp); its
index in G(Q,) is at most £!.
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A further essential ingredient in the reduction is the ergodic decomposition of invariant
measures with respect to actions of subgroups. The upcoming section serves the purpose of
recalling the related formalism and the relevant results.

4.1. Conditional measures and ergodic decomposition. The ergodic decomposition of
invariant measures for group actions lends itself to a description in terms of conditional measures
with respect to an appropriate sub-g-algebra. The language of conditional measures will be
also employed in Section 5 as a convenient framework in which to inscribe the more refined
notion of leafwise measures. We thus begin by setting up basic notation concerning conditional
measures. The main references for this paragraph are [21, Chap. 5], [63] and [68].

Let X be a set, B a o-algebra of subsets of X, such that the pair (X, B) is a standard Borel
space, that is, there exists a measurable isomorphism from (X, B) to the Borel space (Y, By)
associated to a compact metrizable space Y. We denote by M™(X) the set of positive finite
measures on (X, B3), endowed with the coarsest o-algebra for which the maps v — v(B), B € B
are measurable. If Z is a set and C is a o-algebra of subsets of Z, a C-measurable measure-valued
function on Z is meant to be a function Z — M™(X) which is measurable when M™(X) is
endowed with the o-algebra just described, and Z is equipped with o-algebra C.

For any v € M™(X), we denote by L£!(X,u) the vector space of complex, v-integrable
functions defined on X (here we do not identify functions that agree v-almost everywhere).

Definition 4.3. Let X, B, M*(X) be as above, and let u be probability measure on (X, B).
If A C B is a sub-c-algebra, a family of conditional measures of y given A is defined as a
collection {p},ex of probability measures on (X, B) satisfying the following two conditions:

(1) the assignment X > 2 +— pt € M*(X) defines an A-measurable measure-valued func-
tion;
(2) for any f € LY(X, u), the A-measurable function

XB:B»—)/fduf
X

is a conditional expectation of f given A.

Phrased more accurately, the second property amounts to the assertion that, for any f €
L1(X, p) and any measurable set A € A,

/Afduz/A(/X f(y)duf(y)>du(fc)-

Heuristically, the function = +— [ X fdu?* represents the best approximation of f given the
knowledge of the events in the o-algebra A.

Conditional measures always exist in our current setup (for a detailed proof of this fact,
we refer the reader to [21, Thm. 5.14] or alternatively to [63, Sec. 1.3.5]). A o-algebra A is
countably generated if there exists a subset S C A which is at most countable and generates A.
In this case, the atom [x]4 of a point x € X with respect to A, defined as the intersection of
all A € A containing x, is itself an element of A; moreover, it turns out that each conditional
measure g7 is concentrated on the atom [x]4, at least for u-almost every point # € X. In this
sense, we may loosely say that the conditional measure pu7! describes p on the A-atom of x.

We now turn to the formal notion of ergodic decomposition in the context of group actions.
Let G be a locally compact group, acting measurably'? on a standard Borel space (X, B). Let
MY X) € MT(X) denote the subset of probability measures on (X, B), endowed with the
induced measurable structure from M™*(X). Suppose that p € M!(X) is invariant under the

12A group action of a topological group G on a measurable space (X, B) is called measurable if the action
map G x X — X is measurable, when G x X is endowed with the product o-algebra Bg ® B.
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G-action. A G-ergodic decomposition of p is a measurable assignment (Y,C,p) 2 y — p, €
MY(X), where (Y,C, p) is a probability measure space, such that:

(1) for p-almost every y € Y, p,, is invariant and ergodic with respect to the G-action;

(2) it holds that
/deuz/y/xf(ﬂf)duy(x) dp(y)

for every f: X — C bounded and measurable.

Concisely, we shall say that u = fy iy dp(y) is a G-ergodic decomposition of f.

A G-ergodic decomposition p = fY y, dp(y) induces, via push-forward of the measure p on
Y, a probability measure on the measurable space M*(X).

The following result is paramount in the ergodic theory of group actions, giving existence
and uniqueness of the ergodic decomposition of an invariant measure.

Theorem 4.4. Let G be a locally compact group acting measurably on a standard Borel space
(X, B), p a G-invariant probability measure on (X, B). There exists a G-ergodic decomposition
of p. Moreover, if p = [, py,dpy(y) and p = [, p.dpz(2) are two such decompositions, then
the probability measures induced on MY (X) by py and pz coincide.

For the existence part of the theorem, we refer the reader to [27,68]; uniqueness of the ergodic
decomposition is shown, for instance, in [52, Sec. 12].

Remark 4.5. Measurable actions of locally compact groups on standard Borel spaces always
admit topological models. More precisely, given a measurable action of a locally compact group
G on a standard Borel space (X, B), there is a compact metrizable space Y, a continuous
action of G on Y, and a G-equivariant measurable isomorphism ¢: (X, B) — (Y, By); this is
also shown in [68]. We shall appeal to this result in the proof of Proposition 8.7.

Ergodic decompositions relate to conditional measures in the following way: in the setting of
Theorem 4.4, let £ C B be the o-algebra of G-invariant measurable sets on X. Let {u}.cx be
a family of conditional measures of p given £. Then the assignment (X, B, u) — ué € M (X)
defines a G-ergodic decomposition of p.

Let us now consider the following situation, which will frequently present itself in the sequel.
Suppose that p is invariant and ergodic under the action of a locally compact group G, and
let G’ < G be a closed, normal subgroup such that the quotient group G’/G is compact and
abelian. In this case, the G’-ergodic decomposition of u takes a particularly simple form. Let
me/c be the unique probability Haar measure on the compact group G/G’, and fix a G'-
ergodic decomposition (Y, B, p) 3 y — p, of p. Choose an ergodic component v of i, that is
a G’-ergodic measure belonging to the topological support of the probability measure induced
by p on M!'(X). The push-forward measure g, under the action of an element g € G depends
only on the left coset gG’, as v is G'-invariant. The quotient G/G’ being abelian, the measure
g,V is G'-invariant and ergodic for any g € G. More is true, namely:

Proposition 4.6. Suppose v is a G'-invariant and ergodic probability measure on X . Then the
measure

p= / g dmg e (9G')
a/cr

1s G-invariant and ergodic.
Conwversely, if p is G-invariant and ergodic, and v is a G'-ergodic component of ., then

p= / g«v dme e (9G")
G/G’

is a G'-ergodic decomposition of .
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4.2. Proof of Theorem 1.1 assuming Theorem 1.3. We are now in a position to deduce
Theorem 1.1, assuming the validity of Theorem 1.3. Therefore, suppose a: Z¢ — H is the
product of two diagonalizable homomorphisms a¢g: Z% — G and ag: Z¢ — B satisfying the hy-
pothesis in Theorem 1.1, and let u be an ergodic joining of the resulting measure-preserving Z4-
actions on (X, my) and (Y, my). Combining the decomposition into elliptic and non-compact
parts for the different places 0 € S (cf. the beginning of Section 4, in particular Remarks 4.1
and 4.2), we infer the existence of two group homomorphisms agy, ayn.: Z¢ — H and a finite-
index subgroup Ay of A = a(Z%) satisfying the following properties:

(1) Ay = {anc(n)acn(n) : n € Z};
(2) @ne(n), aen(m) commute for any n, m € Z%
(3) the image of ag is relatively compact in H
(4) the image A, of a,. is a subgroup of class- .A’ :

Remark 4.7. Observe that, if H = H(Qg) and the elements of A are diagonalizable over Qg,
then Ay can be taken to be equal to A.

We aim to manufacture an A,.-invariant and ergodic measure, to which Theorem 1.3 applies.
Denote by M the closure of a;(Z%) with respect to the analytic topology on H; it is a compact
abelian group contained in the centralizer Cg(Ayc) of An.. Choose an Ay-ergodic component
o of u; since A/Ay is a finite abelian group, Proposition 4.6 gives that

MZ[A% > do (4.1)

V] a’AveA/AV

is an Ay-ergodic decomposition of u. Projecting (4.1) to X, we deduce that

me= gy X () (r.m

A
v] a’ Ay €A/ Ay

is a mg(Ay)-ergodic decomposition of my, where 7g: H — G and 7x: X x Y — X denote
the canonical projection maps. As finite-index subgroups of Z? act ergodically on (X, mx)
(see Remark 1.2), it follows that mx = (7x)./t0, by uniqueness of the ergodic decomposition.
Similarly, we deduce that pg projects to my on Y.

Let now A’ be the subgroup generated by Ay and M, which coincides with the product
set Ay M since Ay and M commute. Notice that A’ also coincides with the group A, .M.
Endow A’ with the final topology derived from the surjective product morphism
Ay x M 3 (a,g) — ag € A’, where Ay is equipped with the discrete topology and M with the
topology induced from H; such a topology makes A’ into a locally compact second countable
topological group. The subgroup Ay < A’ is discrete, hence closed, and the quotient A’/Ay is
isomorphic, as a topological group, to the quotient M/(Ay N M), the latter being a compact
abelian group. By virtue of Proposition 4.6, the measure

,LL/ = / CL;/L() dmA//AV (CL/Av) (42)
A'/Ay

is A'-invariant and ergodic.

At this point, we endow A’ with a possibly different topology, namely the final topology
coming from the product morphism A,. x M — A’ where A, is equipped with the discrete
topology. In this way A,. becomes a discrete, hence closed subgroup of A’, and the quotient
A"/ A, is isomorphic to M/(An. N M), that is to a compact abelian group. If g, is an A,-
ergodic component of /', we may invoke Proposition 4.6 once more to infer that

po= [ e dmga, (0 A) (43
A’ [Anc
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is an A,.-ergodic decomposition of 1’

In order to apply Theorem 1.3 to ji,., we need to identify its projections onto X and Y. Since
o projects to the Haar measure mx on X, the same holds true for ¢’ by (4.2). Projecting (4.3)
to X, it follows that

mx = / (@) (x ) ftne Aoy a, (0 Ape)
A’ [Anc

is a mg(Ape)-ergodic decomposition of myx. We now appeal to:
Lemma 4.8. The Haar measure my is ergodic under the action of the subgroup ma(Ane).

For the proof of this lemma, we rely on the weak-mixing!® properties of actions of certain
class-A’ elements on perfect quotients saturated by unipotents, which are established in [17].
Specifically, we shall make use of the following result:

Proposition 4.9 ([17, Prop. 3.1]). Let X = I'\G be an S-arithmetic quotient of a Zariski-
connected perfect Q-group G. Let mx be the Haar measure on X, and assume that X is
saturated by unipotents. Let a € G be an element of class-A' whose projection onto the Qg-
points of any Q-almost simple factor of G is non-trivial. Then the action of a on X is weak
maxing with respect to mx.

Proof of Lemma 4.8. Recall our topological assumption on the homomorphism a¢: Z¢ — G:
its projection onto the Qg-points of every Q-almost simple factor of G is proper. This carries
over to the restriction of ag to the finite-index subgroup a=!(Ay) < Z%. Since ag(a"'(Ay)) and
e (Aye) differ only by a compact group, the same property is also enjoyed by the homomorphism
TG © ane: a H(Ay) — 7a(An). Denote by m;,i € I, the various projections of the latter
homomorphism onto the Qg-points of the Q-almost simple factors of G, where [ is a finite
set. As the non-compact subgroup Ay cannot be the finite union of the compact sets 7, Ye),
e being the identity element of the corresponding factor, it follows that there exists an element
ag € mg(An.) whose projection under ; is non-trivial for all ¢ € I. Since ag is a class-
A’ element by definition of the group A,., Proposition 4.9 yields that the action of the cyclic
group generated by ay on X is weak mixing, hence in particular ergodic, with respect to mx.
A fortiori, mx is ergodic under the action of the larger group mg(Ane)- O

Lemma 4.8, coupled with uniqueness of the ergodic decomposition, delivers (7x ). finc = mx.

We now examine the projection of u,. onto the solvable factor; for notational convenience,
we denote it by my,.. First, we claim that mj has maximal entropy for the action of the
group mp(A,). For this, we fundamentally rely on the relationship between maximality of
entropy and invariance under coarse Lyapunov subgroups expressed in Proposition 5.3. Our
assumption that my has maximal entropy with respect to the action of ag(Z?) (cf. Proposi-
tion 3.10) implies, applying Propositions 5.3 and 5.4 to the action of elements of ap(Z?), that
1 is invariant under all coarse Lyapunov subgroups associated to non-trivial coarse Lyapunov
weights (cf. Section 3.1) for the ap(Z?)-action on Y. This invariance property transfers at once
to the measure mj,, projecting (4.2) to Y and noticing that 75(M) normalizes the subgroup
of B generated by all such coarse Lyapunov subgroups. It now suffices to observe that, by
the very nature of the elliptic-non compact decomposition, the actions of the groups ag(Z?)
and mp(Ape) on Y give rise to the same collection of coarse Lyapunov subgroups; therefore,

BRecall that a measure-preserving transformation 7' on a probability measure space (Z,C,v) is said to be
weak mixing if

N—1
1 00
5 ST (T(A) N B) — w(A)w(B)] 50
n=0
for all measurable subsets A, B C Z.
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appealing to Propositions 5.3 and 5.4 once more, but this time for the action of 75(A,.) on
Y, we achieve the proof of our claim that m/ has maximal entropy with respect to the latter

group.
Projecting (4.3) onto Y gives

m/}/ - / ﬂ-B(a’/>*(mY,nC) dmA//Anc (a’/AnC> ) (44>
A’ [Anc

where m}, is the projection of u' to Y. If ag is an element of mp(A,.), then this integral
representation carries over to the entropy with respect to ag, that is,

b, (a0) = /A p P () (myme) (@0) A a1/, (@ Ane) (4.5)

we refer the reader to [25, Thm. 15.12] for a proof of this general relationship. As mj has
maximal entropy for the mz(A,.)-action, (4.5) forces

Pt (G0) = hg(ar).(myne) (@0)  fOT M/, -almost every o' A, € A"/ A,

since A" being abelian implies that 75(a’)«(Mync) is Tp(Ane)-invariant for every o’ € A’. Upon
replacing p,. with a translate of it by an element of A’, we might therefore assume that
hmxy(ao) = Ny, (ag). Hence, we have proved that my,,. has maximal entropy with respect
to the action of mp(Ayc).

We are now finally in a position to apply Theorem 1.3 to the measure p,., and deduce that
Hne = Mx X Myne. As a consequence,

l’[’/ = / a’fk/“’LnC dmA//Anc <a/AnC) = / a/fk(mX X vanC) dmA//Anc (a,AnC)
A’ Ane A JAne
= / mx X mp(a’)(Myne) dmarja,, (@' Ane)
A’ [Anc

=mx X / 75(a")«(Myne) dmarja,. (0’ Ane) = mx x my
A’ [Anc

where the last equality comes from (4.4).

Recall that 4/ is an average of 1y over the compact group M. We new set out to deduce that
to = myx X my from the product structure of x/, which has just been established.
Let Z<¢ act on the product space (X X Y, pne) X (M, my) via

n-(z,9) = (anc(n) - z,au(n)g) , for any z € X x Y, g € M, n € Z°.
We let

Myne X My = / V(y,9) d(mY,nc X mM)(yag)
Y xM

be an ergodic decomposition of my,. X my with respect to the Z%action.  Then
Uiyg) = Mx X V(ygq) 1S a Z%invariant and ergodic measure on X x Y x M, as the action of
Ape on (X, mx) is mixing™. Let 10: X xY x M — X x Y denote the action map (z,g) — g- 2.
Similarly, let ¥y : Y x M — Y denote the action map (y,g9) — ¢ -y. If fi € C.(X) and
fa € C.(Y) are compactly supported continuous functions, then

£1® fo diigm) = / ) ( / (g ) dx) £2(7 - 7) A0 (7. 9)

XxY Y

/fldmx/fz (VyViy.g) -

14Here we are invoking the well-known fact that the product of a mixing and an ergodic action is ergodic.
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Density of the subspace spanned by functions of the form f; ® fs inside Co(X x Y') implies that
Uiy, g) = Mx X Py Vg fnowz€ X xY, g€ M,and n € 74, we have

Y(n- (2,9)) = ¢(an(n) - 2, aen(n)g) = aan(n)ganc(n) - 2 = a(n) - 9(z,9) ,

whence 1 is Z%-equivariant, where Z¢ acts on X x Y via the homomorphism n +— ae(n)ay.(n).
As 1) is Z%-equivariant, we know that Uul(y,q) 18 Z4invariant and ergodic. On the other hand,
we have that, for any f € C.(X xY),

fM=/ £(9 %) djinel2) dmas(g)
XxY M JXXY

= f d¢*(ﬂnc X mM)

XxY

= / fow(r,y,g) dimx X myne X mu) (2,9, g)
XXY xM

= / / f o ¢($ay>§) dﬁ(y,g)($ay7§) d(mY,nc X mM)(yag)
YXM JXXY XM

:Aﬂ4xyﬂamdwmwmwﬂmmeMM%m

As a result,

p= Uil(yg) d(myne X mar)(y, 9)
Y xM
is an ergodic decomposition of ' for the Z%action induced by the homomorphism
n — aeg(n)as(n). In particular, by uniqueness of the ergodic decomposition, there are
g1,92 € M and y € Y such that

ue=gx V(y,gs) = MX X J1:(y,92)-
As pf is a joining, it follows that g1,1/(,,4,) = my and therefore p = myx X my. As puf was an
arbitrary ergodic component, we finally obtain that = mx x my-.

The reduction of Theorem 1.1 to Theorem 1.3 is thus achieved.

5. LEAFWISE MEASURES AND ENTROPY CONTRIBUTION

In order to obtain additional invariance of the measure under a unipotent subgroup in the
proof of Theorem 1.1, we rely heavily on a combination of the high and low entropy method
(cf. [8-10, 14, 16]),as already mentioned in the introduction. Both tools are intended as a way
to establish invariance of a certain measure p under the action of a subgroup H < G on
a quotient space of the form I'\GG, under appropriate positive entropy assumptions for the
given action; their effectiveness in producing invariance hinges upon the relationship between
entropy and leafwise measures, which describe p along H-orbits in a way which is reminiscent
of the description of a measure on atoms of a sub-c-algebra provided by conditional measures
(cf. Section 4.1). The main purpose of this section is therefore twofold: we first define the
notion of leafwise measures in a fairly general context of continuous group actions and list a
few properties which will be relevant in the sequel. Afterwards, we specialise the treatment
to the case of algebraic actions on homogeneous spaces, and relate the entropy of a single
acting element with respect to the measure p to volume-growth properties of the corresponding
leafwise measures. This will in turn enable us to detect invariance of the measures under
suitable horospherical subgroups.
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5.1. Leafwise measures. To state the defining properties of leafwise measures conveniently,
we shall rely on the theory of conditional measures set forth in Section 4.1.

Let H be a locally compact group acting continuously on a locally compact topological space
X, endowed with a positive Radon measure p. We shall need in addition the technical condition
that the orbital map H > h — h -z is injective for p-almost every x € X. We wish to identify
a collection of measures on the acting group H which describe p along the H-orbits. Tipically
(and chiefly in the context of actions on homogeneous spaces), there is no countably generated
sub-o-algebra A whose atoms correspond to orbits for the H action; also, we are not assuming
that p is a probability measure. Hence conditional measures do not provide us with a solution
rightaway:.

Definition 5.1 furnishes an adequate replacement of conditional measures in the present set-
ting. We say that a countably generated sub-o algebra A of the Borel o-algebra on X is
H-subordinate if, for each x € X, there exists an open, relatively compact subset V, C H such
that the A-atom of x is given by [z]4 =V, -2 ={h-x: h € V,}. Such a set V, will be referred
to as the shape of the atom in what follows.

Definition 5.1. Let H, X, i1 be as above. A collection (u!7),cx of positive Radon measures on
H, indexed by a p-conull set X' C X, is called a family of leafwise measures if it satisfies the
following property: for every Borel set Y C X with 0 < u(Y) < oo, and for every countably
generated, H-subordinate o-algebra A C By on Y, a family of conditional measures u“y“, yey
for the normalized measure ply /u(Y') is given by

. m«%)*(uf %))

for p-almost every y € Y, where V, is the shape of the atom [y| 4 and ¢,: H — X is the orbital
map defined by .

We say that a Borel subset X’ C X is p-conull if u(X \ X’) = 0. Further, for any Borel
subset Y C X, we define the restricted measure uly on Y by uly (A) = pu(A) for any Borel set
A C Y. The notation By stands for the Borel o-algebra on Y.

A construction of leafwise measures in the general setting outlined above is presented in [38]
and, with minor adjustmens, in [16]. From now until the end of this section, we shall place
ourselves in the following specific situation: G < G(Qg) is an S-algebraic group, I' < G an
S-arithmetic subgroup, X = I'\G the corresponding S-arithmetic quotient. Further, we let
A < @G be a subgroup of class-A" , and we fix an element a € A\ {eg}. We assume that p
is an A-invariant probability measure on X. Finally, the role of the group H in Def. 5.1 will
be played by an a-normalized, Zariski connected algebraic subgroup U < G, where G, < G
is the stable horospherical subgroup defined by a (cf. Section 3.1). Clearly, we are considering
the action of H on X by right multiplication.

5.2. Entropy contribution for horospherical subgroups. In this paragraph, we examine
the relationship between the entropy for the action of a fixed element a € A\ {eg} with
respect to an a-invariant probability measure p and the corresponding leafwise measures pY
for the subgroup U; what follows is taken entirely from [16, Sec. 7] and, yet more closely,
from [17, Sec. 5], to which we refer for details and proofs of the upcoming results.

Denote by 6, the automorphism of U defined via conjugation by a. A function f: X — R
is called essentially a-invariant if it coincides p-almost everywhere with the function f o T,
where T,(I'g) = T'ga~! for all Tg € X.
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Lemma 5.2 (cf. [9, Lem. 9.1]). Let V' C U be a bounded neighborhood of the identity. For
w-almost every x € X, the limit

log pu¥ (0™(V
o U) — 1 B O0)
n— o0 n
exists and does not depend on the choice of V. The assignment x +— h,(a,U,x) defines an
essentially a-invariant, positive function on (a p-conull subset of ) X. Furthermore, we have:

(1) for p-almost every x € X,
hu(a,U ) < h,e(Ts) ,

where ué,x € X is an ergodic decomposition of y;
(2) if n¥ has support inside a Zariski closed subgroup P, < U which is normalized by a,
then

h,(a,U,z) < mod(a, P,) ,

where mod(a, P,) is the negative logarithm of the module of the automorphism 0,|p, .

The average
hy(a,U) ::/ hy(a,U,xz)dp(z)
b's

will be referred to as the entropy contribution of U.

We record here a refinement of the second assertion of Lemma 5.2, which is instrumental in
several steps of our argumentation (see, for instance, Section 4.2 and Lemma 8.5) and can be
seen as a generalization of Proposition 3.10 to every a-normalized subgroup of G .

Proposition 5.3 ([16, Thm. 7.9]). Let U < G be an a-normalized closed subgroup, for some
a € A, and let p be an a-invariant probability measure on X = T\G. Then the entropy
contribution of U is bounded by

hy(a,U) <mod(a,U) ,
with equality holding if and only if u is U-invariant.

Lastly, we recall the relationship between the Kolmogorov-Sinai entropy of the transformation
induced by an element ¢ on X and the entropy contribution of the horospherical subgroup G .

Proposition 5.4 ([9, Prop. 9.4]). Let p be an A-invariant probability measure on X = I'\G.
Then h,(a) = h,(a,Gy) for any a € A.

Let now A = a(Z?%), where a: Z% — G is a class-A’ homomorphism. As in section 3.1,
we denote by ® the set of Lyapunov weights for a, and by [®] the set of coarse Lyapunov
weights for a. Recall also that, for any [a] € [®], Gl denotes the coarse Lyapunov subgroup
corresponding to [a], namely the unipotent subgroup whose Lie algebra is gl = @a,e[a] g
Fix again a non-trivial element ay € A, and denote by ¥, the set of Lyapunov weights whose
associated coarse Lyapunov subgroups are contained in the stable horospherical subgroup G ;
formally,

U, ={aecd: G <G},
One of the cornerstones of the use of leafwise measures in the work on higher-rank rigidity

by Einsiedler and Katok [9], Einsiedler and Lindenstrauss [17] as well as Einsiedler, Katok and
Lindenstrauss [10] is the product structure of leafwise measures discussed in [9].

Theorem 5.5 (Product structure [9, Thm. 8.4]). Let {a; : i = 1,...,¢} C ® be pairwise
inequivalent Lyapunov weights for a such that Vo, = {[ay] 14 = 1,...,4}. Let U < G be a
Zariski connected A-normalized subgroup. For everyi=1,...,¢ define U; = U NG, and let
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o : Hle Ui = U be given by ¢(uy, ... ,up) =uy---ug. Then ¢ is a homeomorphism. Moreover,
one has
1Y o ¢, (ugﬂG[“” X oo X /%UOGW]) for p-a.e. v € X .

The product structure of the leafwise measures is relevant to our purposes in that it provides
the following corollary, of which we sketch a proof.

Corollary 5.6. Let j be an a-invariant probability measure on X = I'\G. Let ay,--- 04 € Yy,
be pairwise inequivalent Lyapunov weights such that W,, = {[og] i =1,...,1}. Let U < G, be
a Zariski connected, a-normalized subgroup. Then the entropy contribution of U is given by
!
hy(ao, U) =Y hy(ao, UNGEY)
i=1

Proof. Let
= / w5 dp()
b's

be an ergodic decomposition of p with respect to the map 7,,. Then the entropy contribution
of U satisfies

h(ao, U) = /X e (a0, U)dp(),

where for any ergodic probability measure v invariant under T, (in particular, for any 1) we
have .
(a0, U) = lim —28% Pan(V)

n—o0 n
for v-almost every y € X, where V' C U is an arbitrary bounded neighborhood of the identity.
The previous equality holds since the function on the right-hand side is essentially 7, -invariant,
and thus constant v-almost everywhere by ergodicity (equal to its average over the whole
space). As a consequence of the first assertion in Theorem 5.5, we may choose V' of the form
V = Vi .-V, where Vj is a neighborhood of the identity in the subgroup U N G1*! for each
i=1,...,1. The product structure of leafwise measures (cf. Theorem 5.5) readily delivers

l
h’l/<a/07 U7 y) = Z hu<a07 Un G[ai]a y)

i=1
for p-almost every y € X, from which the corollary follows. U

6. THE HIGH ENTROPY METHOD AND AN INEQUALITY FOR ENTROPY CONTRIBUTION

We preserve the same setup and notation of the previous section: G < G(Qg) is an S-
algebraic group, I' < G an S-arithmetic subgroup, X = I'\G, A < G a class-A" subgroup,
ap € A\ {ea}, G, the stable horospherical subgroup defined by ag, ®,, the set of Lyapunov
weights « for A satisfying a(ag) < 0.

6.1. The high-entropy method. The following result is one of the essential tools needed in
the Section 7 in order to prove unipotent invariance.

Theorem 6.1 ([9, Thm. 8.5]). Letd > 2 be an integer, a: Z* — G be a class- A" homomorphism,
A = a(Z%), p an A-invariant and ergodic probability measure on X = I'\G, ap € A\ {eg}.
Then, there exists Zariski connected, A-normalized subgroups H < P of G such that the
following hold.

(1) the support of Mf“} is contained in P for p-almost every x € X.

(2) ,uf“o is bi-invariant under H.
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(3) H is normal in P, and if o, € ®,, are coarsely inequivalent and g, € P N G,
gs € PN GY | then g H and gsH commute in P/H.

(4) ,uf[a] is bi-invariant under H N G1°) for all a € @, .

Remark 6.2. Note that, as stated in [9], the subgroups H and P a priori depend on the
basepoint x. Using the class- A" assumption and ergodicity of A acting on (X, ), one finds
by [73, Prop. 2.1.11] that the Lie algebras are u-almost surely constant and therefore Zariski-
connectedness of H and P implies the result as stated above.

6.2. Entropy rigidity. The second method by which we obtain additional invariance is as
follows. We fix a compact metric space Q with a Z%action and consider the diagonal action a
of Z% on Z x Q. We recall the following result stated in [70, Rem. 2.5].

Proposition 6.3. There exist a subgroup ¥ < Z% of finite index and a sequence of pairwise
distinct, X-normalized subgroups

{id} = Ry <+ < Rs = Ru(Qg)
such that the following are true.
(1) For all 1 < i < s the group R;/R;_1 is abelian.
(2) For all 0 < i < s the group AN R; < R; is a laltice.
(3) For all 1 < i < s the action of ¥ on F; = R;/(AN R;)R;_1 is irreducible. That is, for
every finite index subgroup ¥’ < X there are no proper infinite closed invariant subgroups

of F;.

For what follows, we fix a sequence {R;}{_; and a subgroup ¥ < Z? as in Proposition 6.3.
We denote by a; .1, the induced action of ¥ on F; and we let A; (or A, when the index is clear
from context) denote the Haar measure on Fj.

We let R; act on Z; 1 = Z/R;_1 and we note that the orbit of any G-translate of the identity
coset identifies with F;. We equip Z; with the push forward p; of p under the quotient map.
This way we obtain a sequence of factors Z; ; — Z;. By the Abramov-Rokhlin summation
formula, for all n € ¥ we have

hy(a(n)) = i hy(ai(n)|Zis),

where a; denotes the induced action of ¥ on Z;.

For the remainder of this section, we fix an element ny € ¥\ {0}. As my is a measure of
maximal entropy, we know from the Abramov-Rokhlin formula (7.1) that there exists a minimal
0 < 4* < s such that

hM (ai* (no)‘Y;*_i_l) > 0.

In what follows, we denote by a the diagonal action of ¥ on Z x 2 and we assume that [ is

a Y%-invariant measure on Z x €.

Theorem 6.4. We have hy(a;- an(ng)) > 0. Moreover, let U < Hy be a Zariski-closed a(ny)-
normalized subgroup, then
(@i an(100), U N R+ 1)

h-(a U Zie 1 x Q) <
7 (@(00), U] Zi- 41 % Q) B (@ an(10))

h/] (&(l’lo)’ZZ’*+1 X Q)

Proof. We show that
hi(a(ng), U|Zi-41 x Q) = ha(a(ng), U N Ryi1| Zi 1 x Q).
To this end we recall that
hi(@(ng), U|Zie11 x Q) = Hy(Cula(ng)~'Cu V Binyi),
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where Cy is a countably generated, a(ng)-decreasing, U-subordinate o-algebra on Z x Q, and
Bisi1 = Bix11 ® Bq for Bg the Borel o-algebra on 2 and B;«,; the preimage of the Borel o-
algebra on Z;«,1 under the canonical projection Z — Z;«.1. Note that the atoms of Bg are
singletons and the atoms of Bj«;; are R;yi-orbits. As U acts trivially on 2, we have that
Cu = Cy ® Bq, where Cy is a countably generated, a(ng)-decreasing, U-subordinate o-algebra
on Z.The o-algebra B;« 11 is a(np)-invariant. In particular, we have
hﬂ (&(1’10), U|Zi*+1 X Q) = Hﬁ (éU V Bi*+1’a(l’lo)7lc~U V Bi*Jrl)
= Hy (éU \ Bi*+1|a(n0)_1(éU \% Bi*—i—l))
Note that for all z € Z we have
[Z]CUVBi*+1 = [Z]CU \ [Z}Bi*+l = [’Z]CU N ZRi*Jrl

and therefore Cy V B;«y1 is U N R« 1-subordinate. Now we proceed like in [18]. O
Lemma 6.5 (cf. [18, Lem. 7.2]). In the notation introduced above, assume that [i projects to
p. Let [x] be a coarse Lyapunov exponent for Fi-i 1. Then there is kjqy > 0 such that for all

ney

hﬂ (d(n), H[X] |Zi*+1 X Q) = I{ﬂ’g[x]h)\ (ai*7ab(n), H[X]).

Proof. The argument is verbatim as in [18]. Positivity of ¢y follows by the maximal entropy
assumption. ([l

Lemma 6.6 (cf. [18, Lem. 7.3|). In the notation introduced above, assume that i projects to
w. Let [x] be a coarse Lyapunov weight for Z. Then

hﬁ (&(no), H[X} N Ri* Zi*Jrl X Q) = 0.
Moreover, if [x] is not a coarse Lyapunov weight for Fy,1, then
hﬂ(&(l’lo)’Zl'*+1 X Q) = 0.

Combining all the above with the product structure, we find the following theorem.

Theorem 6.7. In the notation above, assume that [i projects to . There exists kjq > 0 such
that
hﬂ (EL(I’I), H[X]|Zi*+1 X Q) = /iﬂ’Qh)\ (ai*+17ab(n), H[X] N Ru(@s))

7. PRODUCING ADDITIONAL UNIPOTENT INVARIANCE

This section is devoted to showing that a Z%-invariant and ergodic joining ;. of mx and my,
as in the statement of Theorem 1.3, has in fact to exhibit some additional unipotent invariance.
This will crucially enable us to resort to Proposition 1.4 in order to show triviality of u. The
latter part of the argument will be carried out in detail in the next section.

Notation and setup. We briefly recall the setup for our main result (cf. Theorem 1.1), which
will be fixed until the end of the paper. Let B, G be respectively solvable and perfect connected
linear algebraic groups defined over QQ, S a finite set of places of Q containing the infinite place.
Let G < G(Qg) and B < B(Qg) S-algebraic groups Assume I' < G and A < B are S-arithmetic
subgroups, and denote by X = I'\G and Y = A\ B the corresponding S-arithmetic quotients.
We further let ag: Z¢ — G, ag: Z* — A be two class- A’ homomorphisms, where d > 2
is an integer. Then Z? acts measure-preservingly on X with respect to the Haar measure
my via n-I'g = I'gag(—n), for n € Z¢ and g € G; similarly there is an induced Z%action
on Y, and we fix a Z%invariant probability measure my of maximal entropy with respect to
the action of ag(Z?). Denote by a =: Z¢ — G x B the diagonal homomorphism defined by
a(n) = (ag(n),ap(n)) for all n € Z?, and finally let y be a Z%invariant and ergodic joining
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of mx and my on the product space X x Y, which we identify canonically with the quotient
A\H, where H =G x Band A =T x A.
As already mentioned, we set out to prove the following theorem.

Theorem 7.1 (Unipotent invariance). Suppose the assumptions in Theorem 1.1 hold, and let
notation be as above. Then, there exists a non-trivial Zariski connected unipotent subgroup
U < H generated by one-parameter unipotent subgroups and normalized by a(Z%) < H such
that p 1s invariant under U.

In what follows, we denote by Uy and Wy the set of non-trivial coarse Lyapunov weights
associated to ag and ap respectively. We have to distinguish between two cases, namely either
\I/X = \I/y or \I/X 7£ \I/y.

7.1. Case 1: the Lyapunov weights do not match. This case is considerably easier to deal
with and more general: unipotent invariance is established through a version of the Abramov-
Rokhlin formula for conditional entropy; cf. [51, Sec. 6.1]. Also, we crucially use that for any
la] € ¥x U Wy we have

Hlol = Gled « Blol

the verification of which is purely formal and hence left to the reader. Note that the argument
to follow does not rely on any higher rank assumption on ag or ag. Specifically, we obtain the
following corollary to [17, Prop. 6.5]:

Corollary 7.2. Let a: Z% — R be such that [a] € (Ux \ Uy)U (Wy \ Ux). Then the joining p
is invariant under the subgroup H'®, which is a non-trivial, Zariski closed, connected unipotent
subgroup of H.

Proof. For simplicity, assume [a] € Wy \ Wx; the other case is exactly analogous.

Let N = G x {e} C H be the subgroup defined as the image of the canonical embedding of
G in H, and denote by 7: H — H/N ~ B the canonical projection. Clearlyy, ANN ~T is a
lattice in N. It follows from [17, Prop. 6.5] that, for each n € Z¢,

hy(a(m), H) = h,,, (ap(n), B) + h,(a(n), H' A N) . (7.1)

Since [a] ¢ ¥y, we have H®) = {e} x Bl°l and the group H®) N N is trivial. Therefore, the
second summand in (7.1) vanishes and

hﬂ(a(n),H[a}) = hmy (a5(n), B).
Furthermore, we note that
hy(a(m), H) = h,,,. (ap(n), B), (7.2)

as any H!®-subordinate o-algebra on X x Y is of the form By ® A, where By is the Borel
o-algebra on X and A is a Bl®-subordinate o-algebra on Y.

As my is a measure of maximal entropy, it follows that A, (a(n), H®l) is maximal; by virtue
of [16, Thm. 7.9], this implies that p is H!®-invariant. It was already shown in Section 3.1 that
H is unipotent, Zariski closed, and connected. O

7.2. Case 2: the Lyapunov weights match perfectly. The second case, in which the
Lyapunov weights for ag and ap coincide, is more involved; the proof of invariance of y under
a unipotent subgroup relies here on the high entropy method and on rigidity of the entropy
function outlined in Section 6. Our treatment follows [17, Sec. 7] and [18, Sec. 7] verbatim, up
to minor modifications required to fit our setup.
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Denote by ® the set of Lyapunov weights for the homomorphism a: Z¢ — H, and by Uy
the corresponding set of coarse Lyapunov weights. As explained in [17, Sec. 7.2], we may assume
that there exists n € Z?\ {0} and some o € ®y such that ap(n) = 0. We also define

pr= ] P9 aa pP= J] P9,

[@]€¥ g, a(n)<0 [@]€¥ g, a(n)>0

where Pl < Hl is the minimal Zariski-closed, connected subgroup of HI® such that
supp u1* c Pl for p-almost every » € A\H. Then P~ is the minimal Zariski-closed sub-
group of

H™ ={h € H:am)*ha(—n)* = ey as k — oo}

containing supp pf~ for p-almost every z € A\ H. An analogous statement holds for P* (with
respect to HT defined changing the roles of a(—n) instead of a(n)).

The discussion now splits into two cases, depending on whether Pl centralizes both P~
and P, in which case we invoke rigidity of the entropy function (cf. [18, Sec. 7]; otherwise, we
appeal to the high entropy method (cf. [8-10]).

Invariance via the high entropy method. We first discuss the case in which P! does not
centralize either P~ or PT. The argument being the same for both cases, we assume without
loss of generality that Pl*°! does not commute with P~. Using the higher rank assumption, we
can choose ng € Z? such that ay(ng) < 0 and

a(n) < 0= a(ny) <0 for all « € ¢y,

that is, a(ng) < 0 for all o appearing in the definition of P~. Letting a = a(ng), we have that
Hl*oly P~ c H7. We let Hy < Py < H be the Zariski connected, a-normalized subgroups
from Theorem 6.1; hence, for p-almost all 2 € A\H, we have that supp = C Py, pta is
Hy-invariant, and 7™ is Hyn Hl®-invariant. Moreover, we know that for inequivalent weights
a,B € @, and h, € PyN HI®l hg € Py HP we have [hy, hg] € Hy. We know from Theorem

5.5 that
Nfa‘ o H Mf;mH[a] . H Mf;mpw

[a]€¥ g:a(ng)<0 [@]€¥ g:a(no)<0

and thus from Theorem 6.1 that for u-almost every z € A\ H the measure pu!’= is bi-invariant
under the group generated by all commutators [y, hy] € Hy with hy € H®l and hy, € H® for
a € Oy \ [ap] such that a(ng) < 0. Notice that [hy, hy] € Hy; as Pl®l does not commute with
P~ we have found a non-trivial Zariski-closed unipotent subgroup U < Hy < H such that p is
U-invariant.

Invariance via rigidity of the entropy function. It remains to deal with the case where
Plool commutes with both P~ and P*. We fix a coarse Lyapunov weight [a] occuring in the
definition of P~, say, and we define €2 to be the space of equivalence classes of locally finite
Radon-measures on U = PX N R,(Qg) which are integrable for some suitably chosen non-
negative measureable function f. The space €2 then becomes a compact metric space and for
the right choice of f we find that z — [u!] has image in Q for u-almost everywhere. We let Z?
act trivially on €.

Proposition 7.3. In the notation of Theorem 6.7, we have kjq = K, where K, := K.

Proof. Here we use that P*°! commutes with P~ to adapt the proof of [18, Prop. 7.5] verbatim.
O

In combination with the product structure, we obtain the following corollary.
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Corollary 7.4. Fiz n € Z* and a coarse Lyapunov weight x satisfying x(n) < 0. Let W =
HX'N R (Qg). For any subset Z' C Z of full measure, there exist = € Z' and w € W \ {id}
such that 2w € Z' and p?¥ oc p!¥ .

From here one can deduce additional invariance as outlined in [18, §7].

Conclusion. To sum up the result of this section, we have obtained that our joining u is
invariant under the subgroup (U, a(Z%)) ~ U x a(Z%) generated by the unipotent subgroup U
and the diagonalizable subgroup a(Z?). Observe in addition that, since we are assuming from
the outset that y is ergodic under the action of a(Z?), it is a fortiori ergodic for the action of the
bigger group (U, a(Z%)). This brings us in a position to apply the measure classification result
in Proposition 1.4, which alongside the joining structure of y will lead us to the conclusion of
the proof of Theorem 1.1.

8. DISJOINTNESS: PROOF OF THE MAIN THEOREM

The final section of this article is consecrated to the proof of Theorem 1.3, from which the
more general Theorem 1.1 follows as explicated in Section 4.2.

Let thus p be a Z%invariant and ergodic joining of mx and my on X x Y ~ A\ H. We may
assume additional unipotent invariance of p, which has been established in Theorem 7.1; more
precisely, u is invariant under a non-trivial subgroup U < H generated by one-parameter unipo-
tent subgroups and normalized by the class-A’ group A = a(Z%). In view of Proposition 1.4,
there exists a Zariski-connected algebraic Q-subgroup L < G of class F, a finite-index subgroup
L < L(Qs) and an element hg = (go,by) € H, with Ahy € supp p, such that U < hy*Lhy,
p is invariant under hy'Lho and is concentrated on the orbit TN} (L(Qg))ho, where we recall
that N} (L(Qg)) is the set of elements in H normalizing L(Qg) whose action by conjugation
preserves the Haar measure on it. Let ' be the push-foward under of p under the action
of hg. Then y' is an A’-invariant and ergodic joining of mx and my, where A" = hgAhg';
furthermore, y/ is invariant under L and concentrated on the N (L(Qg))-orbit of the identity
coset A € A\ H. Postcomposing the homomorphism a with conjugation by hy doesn’t alter the
properties of ag and apg; therefore, just as before, we may assume without loss of generality
that hg is the identity element of H, upon replacing u by 1.

We now make use of the joining assumption to pin down the algebraic structure of the nor-
malizer Ng(L) of L inside H. Recall that the projection of any Zariski-connected Q-subgroup
of H onto each of the factors G and B is a Zariski-connected Q-group ([65, Prop. 2.2.5]).

Proposition 8.1. Let ng: H — G deote the canonical projection map. Then ng(Nu(L)) = G.

Proof. Since n(ANE(L(Qs))) = 1 and N (L(Qs)) < Ny (L(Qs)) = (Nu(L))(Qs), it fol-
lows by projecting onto X that the orbit of the identity coset I' € X under the closed pro-
jection G N mg(Nu(L))(Qs) of the group H N Ng(L)(Qs) to G has full mx-measure. As
shown in [64, Lem. 2.2], this implies that such orbit is the full space X. Lattices in second
countable topological groups being at most countable, it follows that G N g (Nu(L))(Qs) has
at most countable index in G, and the same holds true for 7g(Nu(L))(Qs) in G(Qg), since
G has finite index in G(Qg). This delivers 7g(Nu(L)) = G, as desired; otherwise, since G
is Zariski-connected, a proper inclusion 7g(Ng(L)) < G would force the quotient Q-variety
G/na(Nu(L)) to have strictly positive dimension (cf. [65, Cor. 5.5.6]), contradicting the fact
that its set of Qg-points is at most countable. O

At this point, we need to recall Goursat’s lemma ([26]) from abstract group theory:

Proposition 8.2 (Goursat’s lemma). Let Gq,Gy be two groups, H a subgroup of Gy x Gs
projecting surjectively onto both factors. Define

Ny ={g1 € G1:(g1,€c,) € H}, Ny ={g2 € G2 : (ec,, 92) € H},
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where e, , eq, denote the identity elements of Gy, Ga, respectively. Then, N; is a normal sub-
group of G;, i = 1,2, and the image of H under the canonical map G1 X Gy — G1 /Ny x Go/N;
is the graph of an isomorphism ¢: G1/N; — Go/Ns.

A consequence of Goursat’s lemma is that, if G; and G5 have no non-trivial isomorphic
factors, then the only subgroup of G; x G5 projecting surjectively onto both factors is the full
direct product GG; x GG5. Since the classes of perfect and solvable groups are both closed under
taking quotients, and a non-trivial perfect group cannot be isomorphic to a solvable group, we
conclude:

Corollary 8.3. Let B’ be the projection of Ng(L) to B. Then Ng(L) =G x B'.

Replacing B by B’ if needed'®, we may now assume that L is a normal Q-subgroup of H.

The upshot of the foregoing discussion is that the ergodic joining g is invariant (up to
finite-index issues) under the group of Qg-points of a non-trivial, normal Q-subgroup of H =
G x B. In case G is semisimple, Proposition 8.4 in the upcoming section, in conjuction with
the classification of normal algebraic subgroups of semisimple groups given in Corollary 2.3,
allows for a neat description of the whole range of possibilities for the group L. An inductive
argument on the number of simple factors of G and on the dimension of R,(B) as an algebraic
variety leads to the conclusion of the proof, as explained in Section 8.1. In order to deal with the
general case of G perfect, we rely on an argument inspired by the statement, and by the proof,
of [17, Thm. 1.6]; this is carried out in Section 8.2, thereby achieving the proof of Theorem 1.3.

8.1. The case G semisimple. Throughout this subsection, G is assumed to be semisimple.
In this case, there is a simple description of all normal algebraic subgroups of the product
H = G x B: they all split as products of normal subgroups of the two factors:

Proposition 8.4. Let G,B be, respectively, a semisimple and a solvable Zariski-connected
linear algebraic group defined over Q, and let L < G x B be a Zariski-connected normal Q-
subgroup of class F. Then L = Ly x Ly, where Ly < G and Ly < R,(B) are Zariski-connected
normal Q-subgroups of G and B, respectively.

The proof of this proposition is straightforward; details are relegated to Appendix B.

The semisimple Q-group G is an almost direct product of its Q-almost simple factors
G, ..., G, (cf. Theorem 2.2); we assume first that r = 1, that is G is Q-almost simple.

We distinguish two cases: either L, is trivial or it is not. Suppose first that Ly is non-trivial.
The group Ly(Qg) < L, which is contained in L since by Lemma 2.5 unipotent groups do not
admit any proper finite-index subgroup, acts with compact orbits on X x Y% let ¢ denote the
canonical projection H — H/(L2(Qyg)).

The proof of the following lemma is immediate from Propositions 5.3 and 5.4.

Lemma 8.5. The projection q.pu of p to the quotient homogeneous space A\H/Ly(Qg) has

mazimal entropy for the homomorphism 7% % H —s H/Ly(Qg), where 7 is the canonical
projection map.

By virtue of Proposition A.7, we might harmlessly replace p by its projection onto the double
quotient A\ H/Ls(Qgs); on account of Lemma 8.5, this projection is a measure satisfying all our
current assumptions, with B replaced by B/Ly. If Theorem 1.3 is shown to hold for such a
projection, then it holds for p as well, as the conclusion of Proposition A.7 shows.

150bserve that Propositon 1.4 furnishes, in particular, that A is contained in N#(L(Qg)), hence in the larger
group H N (G x B")(Qg).

16The orbit of the identity coset is compact since Ly is unipotent and hence clearly anisotropic over Q
(cf. [40, Thm. 3.2.4(b)]); the same property transfers immediately to all other orbits, which are obtained by
translation of the identity orbit, for Ly(Qg) is normal in H = G x B.
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Therefore, we are left to deal with the case L = L;. The subgroup L < G is a non-trivial
Zariski-connected normal QQ-subgroup of the Q-almost simple group G, so that necessarily
L = G. The projection L; of the finite-index subgroup L < L(Qg) onto G is a finite-index
subgroup of G; we identify it with its isomorphic copy inside H = G X B, and recall that p is,
in particular, invariant under L;.

Remark 8.6. At this point, knowing in addition that L; = G would readily yield the conclusion
i =myx X my. This is a consequence of the following general observation: if R is a (abstract)
group acting by measurable transformations of measurable space X, Y is a second measurable
space, p is a probability measure on X x Y invariant under the R-action r - (z,y) = (r - z,y),
and the projection p of u to X is the unique R-invariant probability measure on X, then'”
1= p X v, where v is the projection of u to Y.

The general case of a finite-index subgroup L; < G requires an ergodic-decomposition ar-
gument, as outlined below; we shall make use, in particular, of a slight generalization of the
previous observation, stated in Proposition 8.7.

Let A, ={a = (a1,a2) € A< G x B:ay € L1}; as L; has finite index in G, Ay, has finite
index in A, which, together with the fact that A is commutative and normalizes L, implies that
Ap, Ly is a normal subgroup of finite index of the locally compact'® group AL;. The quotient
ALy /AL, Ly is a finite abelian group (isomorphic to a quotient of A/Ay,). Proposition 4.6 gives
thus that

1
=" Ayl 8.1
[ALl . ALlLl} Ar L Z 0 ( )
aAr, 1€AL1/AL1L1
is an Ay, L1-ergodic decomposition of the AL;-invariant and ergodic measure p, where pg is a
given Ay, Li-ergodic component of u. Projecting (8.1) to X, we obtain that

1
mx = m Z (al)*(WX)*Mo

(a1,a02)Ap, L1€AL1 /AL, L1

is a mg(Ar, Ly )-ergodic decomposition of mx, where 7o : G X B — G is the canonical projection
onto the first factor. On the one hand, observe that mg(Ar,L1) = Ly, by definition of Ay, ; on
the other hand, notice that 7o (Ayr,) acts ergodically with respect to my on X, being a finite-
index subgroup of ag(Z?) (cf. Remark 1.2). A fortiori, the larger subgroup L; acts ergodically
with respect to mx. Uniqueness of the ergodic decomposition thus forces my = (7x ). fto-

The following proposition allows to deduce that py = mx X (7y ). 0. We formulate and prove
it in the utmost generality:

Proposition 8.7. Let X,Y be standard Borel spaces, R a locally compact group acting mea-
surably on X, and trivially on Y. Let u be a probability measure on X XY, which is invariant
under the diagonal action of R on the product. Suppose R acts ergodically on X with respect
to the R-invariant measure p = (7x)«pt. Then = p X v, where v is the projection of u to'Y.

Proof. Upon choosing topological models (cf. Section 4.1) for the two actions, we may assume
that X,Y are compact metrizable spaces on which R acts continuously. Let (Z,\) 3 z +—
p, € MYX xY) be an R-ergodic decomposition of . Then z — (7x )., is an R-ergodic

"By the monotone class lemma, it suffices to show that u(E x F) = p(E)v(F) for any measurable sets
ECcX,FCY. lf v(F)=0, then u(F x F) < u(X x F) = v(F) = 0, thus equality holds. If v(F) > 0; the
probability measure pp on X defined by pp(E) = pu(E x F)/v(F), for any measurable E C X, is R-invariant
by R-invariance of p and the fact that R acts trivially on Y. This forces pp = p, that is u(E x F) = p(E)v(F)
for any measurable £ C X.

BHere the group AL; is meant to be endowed with the final topology for the product map A x Ly — ALy,
where L; has the induced topology from G and A is equipped with the discrete topology.
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decomposition of p and z +— (7y )., is an R-ergodic decomposition of v. The assumptions on
the measure-preserving R-actions on (X, p) and (Y, v) imply that

for A-almost every z € Z, (mx ).tz = p and (7y ). pt. = 0y for some y(z) € Y,

where the assignment z — y(z) satisfies v = [, §,-)d\(2). As a consequence, i, = p X 0y for
A-almost every z € Z, and an application of Fubini’s theorem gives

= / y dN(2) = / p X Oy(dA(2) = p / Oy()dN(2) = p X v,
z z z
as desired. ]

We may now conclude, by virtue of Proposition 8.7, that

e X (< ()

(a1,a02)Ap, L1€AL1 /AL, L1

1
BRI VR R

(a1»a2)ALlL1€AL1/AL1L1

Rl o e SD DI CORC SN

((Zl,az)ALlLl GALl/ALl Ly

=mx X My,

where the last equality follows by projecting (8.1) to Y.

To recap, we have proven Theorem 1.3 in the case G is Q-almost simple. Now suppose
inductively that the statement holds for any semisimple Q-group with s < r — 1 Q-almost
simple factors, and assume that G has r QQ-almost simple factors Gi,...,G,. As before,
we may assume that L = L; is a non-trivial normal Q-subgroup of G, up to replacing H
with H/Ly, = G x (B/Ly) and using Proposition A.7. By Corollary 2.3, L; is an almost-
direct product of some of the (Q-almost simple factors of G. If L; = G, the argument in
the Q-almost simple applies unaffectedly; upon rearrengement of the factors, we may thus
assume that Ly = Gyi1--- G, for some 1 < s < r — 1, and denote G’ = Gy---G,. Let
G, =GNLi(Qs),I'y =T'NGL, X, = T'\Gp; also, set G’ to be the projection of G onto
G’(Qg), I" the image of I" under the same projection map, and X' = I"\G".

The projection fi of u to X’ x Y is a Z%invariant and ergodic joining of my and the Haar
measure mys on X', where Z% acts on X’ x Y via the projected homomorphism Z¢ % G x B —
G' x B, which we denote a. It is clear that i and a fulfill the assumptions of Theorem 1.3;
as X' is an S-arithmetic quotient of the group G’, having s < r — 1 Q-almost simple factors,
the induction hypothesis permits to deduce that i = mxs x my. Therefore, p is a measure
on the product (X’ x Y) x X, projecting to mx, X my onto X’ x Y and invariant under the
finite-index subgroup L1 = L NGy < G. Just as in the case of a Q-almost simple group G,
define Ap, = {(a},a¥,as) € A < G’ x Gy x B : aF € L}, and consider an Ay, Li-ergodic
decomposition of u. Arguing as before, it can be inferred that L, acts ergodically on X with
respect to my,, and Proposition 8.7 delivers once more u = (mx: X my) X mx,, that is,
rearranging factors, u = mx x my-.

Remark 8.8. For the sake of emphasizing the gist of the above argument, we are tacitly
assuming that G is a direct product of its Q-almost simple factors and X splits neatly as the
product X; x X’. This allows for a direct application of Proposition 8.7. If G is not simply
connected, Proposition A.7 provides an adequate replacement: combining L-invariance of pu
with the fact that its projection g modulo L equals mx X my, it follows all the same that
H=mx X My.
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8.2. The case G perfect. The case of a semisimple G being established, it is rather straight-
foward to deduce the result when G is only assumed to be perfect. It essentially follows from the
Levi decomposition of a linear algebraic group, together with a classification result analogous
to [17, Thm. 1.6] and phrased in Proposition 8.10.

Assume thus that G is a Zariski-connected, perfect Q-group.

Lemma 8.9. Let G = Gy, X Ry (G) be a Levi decomposition of G.

(1) The Levi factor Ggs is semisimple.
(2) If Ay < G(Qg) is a diagonalizable subgroup, then Ay is contained in Ggs(Qg).

Proof. For the first assertion, observe that G = [G, G| < [Gss, Gss] X R, (G), whence Gy is
necessarily equal to its commutator [Ggs, Gss],which is semisimple (cf. Thm. 2.1).

As for the second statement, let a = (a,)ses be an element of A;; it suffices to show
that a, € G (Q,) for every o € S. To this end, we work inside the groups of Q,-points
of G,G,, and R,(G), Q, designating an algebraic closure of the field Q,. Since G(Q,) =
Gs(Q,) X Ry (G)(Qy), we have a, = afyG“)agU), for some a'C* € G(Qy), o e R.(G)(Q,).
The canonical projection G(Qg,) — Gs(Q,), with kernel R, (G)(Q,), is a homomorphism of al-
gebraic groups, and as such it preserves the Jordan decomposition of elements ([65, Thm. 2.4.8]).
Because a, is diagonalizable by assumption, it follows that alf) is a diagonalizable ele-
ment in G (Q,), thus a fortiori in G(Q,). Uniqueness of the Jordan decomposition of an

element in G(Q,) now forces V) = e, the identity element of the group G(Q,); hence,
Uy = alf) ¢ G:s(Q,), as claimed in the statement. O

Fix thus a Levi decomposition G = G, X R, (G) of G. As a consequence of the proposition,
the image of the class- A’ homomorphism ag: Z¢ — G is contained in G N G4,(Qg). Denote
by G, the finite-index subgroup of Gg(Qg) given by the image of G under the canonical pro-
jection G(Qg) — G45(Qs); since R,(G)(Qg) has no proper finite-index subgroups, G contains
R.(G)(Qs), so that G = Gss X Ry(G)(Qg). Furthermore, on the level of algebraic groups, the
projection G — Gy is defined over Q, hence (see [40, Lem. 3.1.3]) the image I'ss of I" under the
projection G — G, is an S-arithmetic subgroup embedding diagonally as a discrete subgroup
of Gs; pushing forward the Haar-Siegel measure myx on X via the map I'\G — T';\Gss yields
a G g-invariant probability measure my,, on X3 = I'gs\Gss.

Now let 1 be a Z%invariant and ergodic joining of my and my, as in the assumptions of
Theorem 1.3. The push-foward m,p of p under the projection map 7: X XY — X x Y is a
Z4-invariant and ergodic joining of my,, and my, where Z? acts on the product X,, x Y via the
projection of the homomorphism ag x ag: Z% — G x B to G4 x B. As X, is an S-arithmetic
quotient of a semisimple Q-group, we know from Section 8.1 that m.u = myx, X my. The
following result allows to conclude that © = mx x my.

Proposition 8.10 (cf. [17, Thm. 1.6]). Let G = Ggs X Ry(G), Gss, 'ss and X5 be as above,
ag: 74 — G,ag: 7% — B homomorphisms satisfying the hypotheses of Theorem 1.3. Suppose
that u is invariant and ergodic under the diagonal action of Z¢ on X x Y, and projects to the
product measure mx,, X my on Xgs X Y. Then = mx X my.

Throughout the proof, we tacitly make use of the following observation: for a given probability
measure g on X X Y, the property of projecting to the Haar-Siegel measure on X, X Y does
not depend on the choice of the Levi factor Gy, of G, since any two different Levi factors are
conjugated inside G by an element of R,(G)(Q) (cf. [53, Thm. 2.3]).

Proof. We argue by induction on the number of Q-simple factors of the Levi factor G4,. Recall
that, by the argument at the beginning of Section 8, u is additionally invariant under a finite-
index subgroup L < L(Qg), where L is a connected, normal Q-subgroup of G x B of class F.
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If L =L x R,(L) is a Levi decomposition of L, then Ly, is semisimple and contained in G,
and R, (L) is contained in R,(G x B) = R,(G) x Ry(B) (cf. the proof of Proposition 8.4 in
Appendix B). By means of this decomposition, and using that the subgroup L is normal in
G x B, it is straightforward to realize that L, is also a normal subgroup of G x B. Also, the
semisimple group Ly, is contained in a Levi factor of G. Combining this with the fact that
R.(GxB)NLg, = Ry(Ly,) is trivial', which in turn implies that Ly, and R, (G xB) commute, it
follows that there exists a semisimple Q-group G, < G such that G = L x (G, x R, (G)) x B;
for notational simplicity, denote by G’ the perfect Q-group G, x R,(G). Corresponding to such
a decomposition on the level of algebraic groups, there is a decomposition of the homogeneous
space X x Y as a product X, x X’ x Y, where X; = (I' N Ly (Qs))\(G N L (Qg)) and
X' = ([N G/(Qs))\(G N G'(Qs)).

If the normal subgroup R,(L) < G x B is non-trivial, we can turn our attention to the projec-
tion i of  onto the quotient ¢(A)\(G x B)/R,(L)(Qgs), where ¢: Gx B — (G x B)/R,(L)(Qs)
is the canonical projection. If i satisfies the conclusion of the proposition, then so does u, as
explained in Appendix A.3; to this end, notice that R,(L)(Qg) acts with compact orbits on
X x Y (cf. footnote 16), so that in particular Proposition A.7 applies. Therefore, we might
assume that R,(L) is trivial, so that L = Ly is non-trivial. In this case, the Levi factor G/
of the perfect group G’ has fewer Q-simple factors with respect to Gg,. If i/ stands for the
projection of © to X’ x Y, then all the assumptions of the proposition are satisfied, with G re-
placed by G’, mx by mx, and ag by its projection onto G'(Qg); the induction hypothesis thus
yields p/ = mx, X my. Finally, since p is invariant under a finite-index subgroup of L (Qg),
we may again combine Proposition 8.7 with an ergodic-decomposition argument analogous to
the one in Section 8.1 to obtain that y = my, x p/, where my, is the Haar measure on X7.
Hence, we get © =my, X mx/ X my = mx X my, which finishes the proof. ]

The proof of Theorem 1.3 is concluded.

APPENDIX A. SOME PROPERTIES OF LATTICES AND MEASURES ON HOMOGENEOUS SPACES

We collect here various, mostly well-known statements, interspersed in the main body of
the manuscript and pertaining to lattices in locally compact groups and algebraic measures on
homogeneous spaces.

Keeping with our usual terminology, a locally compact group is intended to be a Hausdorff,
locally compact second countable topological group.

A.1. Projection of lattices.

Lemma A.1. Let G be a locally compact group, I' < G a lattice, L, R < G closed subgroups
with R normal in G. Assume that the following two conditions hold:

(1) the image A C G/R of I' under the natural projection q¢: G — G/R is a lattice in G/ R;
(2) the induced map w: I'\G — A\(G/R) restricts to a surjective map on 'L = {I'g €
NG:g€L}.

The the image q(L) has non-empty interior in G/R.
Proof. Missing. OJ

In characteristic zero, every unipotent algebraic group is Zariski-connected, thus R,(G x B) N Ly,
is connected. Therefore, the latter group is a connected normal unipotent subgroup of Lgs, whence
Ry(Lss) D Ry(G x B) N Lg,. On the other hand, R,(Lss) is invariant under all automorphisms of L,
hence in particular under the restriction of each inner automorphism of G X B to Lgg; it follows that Ry, (Lgs)
is a connected, normal unipotent subgroup of G x B, so that R, (Lss) C Ry,(G x B) N Lg,.
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Lemma A.2. Let G be a locally compact group, R < G a closed, normal subgroup, I' < G a
discrete subgroup. Let q: G — G/ R denote the canonical projection, A = q(I"). Then

A\ (G/R) ~T\G/R
as topological G/ R-spaces.
Proof. We start by defining a map
m:I\G = A\(G/R)
m(L'g) = A(gR).
In order to see that this is well-defined, we first note that for any two g, g € G we have
A(gR) = A(gR) < Iy € T'vgR = gR.

Indeed, the left-hand side implies that there is some 7 € I" such that (yR)(¢gR) = gR, and thus
in particular ygR = gR. The opposite direction follows similarly. Hence, if g, € G satisfy
vg = g for some v € I, then 7(I"g) = 7(I'g) as required.

To show that 7 is continuous, consider the diagram

G G/R (A.1)

A\(G/R)

and note that p is a local homeomorphism. Since locally we have m = po g o p~!, we obtain
that 7 is continuous.

Finally, we observe that the fibers of 7 are precisely the R-orbits in I'\G, that is, 7(I'g) =
m(['g) for g, g € G if and only if there is some r € R such that I'gr = I'g. To this end, assume
that 7(I'g) = 7(I'g); as argued above, this is equivalent to the existence of v € I" such that
vgR = gR. Thus there is some r € R such that ygr = g; it follows that I'¢ = I'gr C I'gR and
the fibers of 7 are therefore contained in R orbits. The fact that 7 is constant on R-orbits is
immediate. U

Proposition A.3. Let G be a locally compact group, I' < G a lattice in G, K < G a compact
normal subgroup. Denote by m: G — G /K the canonical projection map. Then (L") is a lattice
in G/K.

Proof. We begin by showing that 7(K) is discrete in G/ K. Let ~, € I' be such that the sequence
(7 () )n converges towards the identity in G/ K. This implies that there exists a sequence (k).
of elements of K such that v,k, — eg in G as n goes to infinity. Upon replacing (k,), by a
converging subsequence (using that K is compact and G is metrizable), we may assume that
k, — k € K. Thus, v, — k~! € K NT; discreteness of ' forces 7, = k™! for all n sufficiently
large, which shows that 7(v,) is the identity eq/x in G/K for all such n. This argument shows
that eg /i is an isolated point in 7(I"), thereby proving that the latter is a discrete subgroup.
It remains to prove that the space of right cosets 7(I")\(G/K) admits a G/ K-invariant Borel
probability measure. As shown in Lemma A.2, 7(I")\(G/K) ~ I'\G/K as G/K-spaces. Denote
by p: I'\G — I'\G/K the canonical projection; then p is a proper, open map. Indeed, for
every open set V C I'\G, the set p~!(p(V)) = VK is open as union of translates of V', whence
p(V) is open, since I'\G/K carries the quotient topology defined by the map p. To prove that
p is proper, let L C T'\G/K be a compact subset; we claim that there is a compact subset
M C T'\G such that L = p(M). Indeed, choose for every x € L a compact subset V, C I'\G so
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that p(V) is a neighborhood of z. By compactness of L, there is a finite subset X C I'\G such
that

Lc v,

zeX

and thus the set M = p~*(L) N (U,cx Vz) has the desired properties. This implies that

p (L) = MK is compact, proving that p is proper.

As a consequence, for every continuous, compactly supported function ¢: I'\G/K — C, the
function ¢ o p is continuous and compactly supported on I'\G. We can thus define the linear
functional p: C.(I'\G/K) — C, which to each ¢ € C.(I'\G/K) assigns the value

u(w) = /F wep)dmr.

where mp\ denotes the G-invariant Borel probability measure on I'\G. The functional j is
clearly positive, in the sense that 1) > 0 implies p()) > 0, and bounded in operator norm by 1;
Riesz representation theorem thus gives a Borel probability measure, again denoted by p, such
that

(1) = / W dp for all i € Co(T\G/K).
I\G/K

We are left to show that p is G/K-invariant. Fix h € G and denote by ¢,k € C.(I'\G/K) the
function defined by

U (LgK) =¢(TghK) , g € G.

Similarly, if f € C.(I'\G), denote by f;, the function defined by f,(I'g) = f(['gh) for all g € G.
Using this notation, we have

(Ynx 0 p)(L'g) = ¢(Lgh) = (¢ 0 p)u(I'g) for all g € G,
so that
w(nk) = mra((¥ o p)n) = mra(¥ o p) = p(y),

where the equality in the middle follows by G-invariance of mp\g. The proof is concluded. [

A.2. Haar measure on finite volume orbits. Let G be a locally compact group, I' < G a
lattice, X = I'\G, H < G a closed subgroup, acting on X by right translation. Fix a point
x =Tg € X and define

Staby(z) ={h€ H: h- -z =z}
There exists a continuous H-equivariant map
H/Staby(z) > h Staby(z) — h-x € X, (A.2)
which is a bijection onto the H-orbit of z
H-x={h-x:heH}.

An easy computation shows that Stabz(z) = H N g~ 'T'g, which is a discrete subgroup of H. If
A= HnNg 'Tgis a lattice in H, then the H-orbit H -z is closed in X (see [54, Thm. 1.13]), the
map in (A.2) is an homeomorphism onto H - z, and pushing forward the unique H-invariant
probability measure mp/s via this map yields an H-invariant Borel probability measure on
H -z, called the Haar measure on the H-orbit of . A periodic H-orbit is an H-orbit carrying
an H-invariant Haar measure. Haar measures on orbits of intermediate subgroups are referred
to as algebraic or homogeneous measures.
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A.3. Invariant lifts of algebraic measures. This subsection characterizes measures on ho-
mogeneous spaces which are invariant under a normal subgroup and whose projection to the
corresponding quotient is an algebraic measure. This is used to reduce the proof of Theorem 1.1
to the case where there is some non-trivial unipotent invariance stemming from the semisimple
side (cf. Section 8.1), as well as to deduce algebraicity of joinings in the perfect case (cf. Sec-
tion 8.2). Let G be a locally compact group with identity element e, I' < G a discrete subgroup.
We assume furthermore that R < (G is a closed normal subgroup such that all R-orbits on the
homogeneous space I'\G are periodic; since R is normal, it is equivalent to require the property
to hold for a single R-orbit, as any other orbit is then obtained by translation. For any closed
subgroup L < G and any periodic L-orbit L -z C I'\G, we indicate with my., the unique
L-invariant measure carried by L - z. Denote by ¢: G — G/R the canonical projection and
suppose that T' := ¢(I') < G/R is discrete. It will be convenient to set G = G/R. We let
m: I'\G — I'\G/R denote the projection as in Lemma A.2.
We start with a lemma concerning the topology of I'\G/R:

Lemma A.4. For G,T', R as above, the double coset space T\G/R is Hausdorff, locally compact
and second countable.

Proof. 1t follows at once from the identification in Lemma A.2 and the analogous properties for
a quotient A\ H, where I' < H is a closed subgroup of a locally compact group H. 0

Consequently, the double coset space I'\G/R is as nice a space as required to apply Riesz’s
representation theorem and similar tools.

Next, we introduce the averaging operator over periodic R-orbits; this is instrumental in
formulating an analogue of Weil’s classical folding-unfolding formula (cf. [59, §3.2]) on I'\G.

Lemma A.5. For every i) € C.(I'\G/R), there exists ¢ € C.(I'\G) such that

¥(r(z)) = /R. o(y)dmp.(y)  for every x € I'\G.

More precisely, the linear operator T: C.(I'\G) — C.(I'\G/R) defined by

To(n(o) = [ oly)dmna(y
R-x
15 positive, that is T'w > 0 whenever ¢ > 0, and surjective.

Proof. We first prove that I: C.(I'\G) — C(I'\G) defined by

Ip(x) = / PO

is well-defined and the image is constant on R-orbits. First we check that Iy is continuous. We
may argue with sequences, as I"\G satisfies the first axiom of countability. Let thus (2, )nenufoo}
be a sequence in I'\G such that ., = lim, ;s T,. Fix (€,)neny € GV such that g, — ¢ and?
Ty = TooEp. We have

[Lp(wn) = Ip(2o0)| =

/F\G e(y)dmp., (y) — ISO(%O)‘ _

/F W) Az () - 1¢(xm)‘

/F\G o(yen)dmp.,. (y) — [SO(%O)' _

/r\c (- 9) = @) (W)dma, (y)‘

n—o0

<len-@—¢llo — 0

20The existence of such a sequence (g,), is ensured by the well-known fact that the projection G — I'\G is
a local homeomorphism.
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by strong continuity of the Koopman representation of G on C.(I'\G) with respect to the
supremum norm; this in turn is a consequence of compactly supported continuous functions on
['\G being uniformly continuous.

It follows that there is a unique f € C(I'\G/R) such that I'p = f on. We define Ty := f.
Linearity and positivity of T" are immediate from the definition. To show that T'¢ has compact
support for any ¢ € C.(I'\G), we prove that Ty vanishes outside of m(supp ¢). Let z € I'\G
such that w(z) € (I'\G/R) \ w(supp ). Then r - = & supp ¢ for any r € R. Hence o(r-x) =0
for all r € R, and thus Tp(w(z)) = Ip(z) = 0. This shows that supp Ty C 7(supp ) and
therefore Ty € C.(I'\G/R).

It remains to show that 7' is surjective. Assume that ¢ € C.(I'\G/R). Let C C G a
compact neighbourhood of e € G. As supp is compact and 7 is an open map, there exist
T1,..., T, € Y(suppt) such that {m(z;C): 1 <1i < n} covers supp . Define

K = U (W’l(suppw)ﬂ:ci(}') ,

1<i<n
which is a compact subset of I'\G. It is clear that 7(K) = suppt. By means of Urysohn’s
lemma, choose f € C.(I'\G) non-negative such that f | x > 0. Let § € suppy arbitrary. By
construction, there is some x € K such that n(z) = {. As f is continuous and f(x) > 0,

there is a neighbourhood V, C R containing e for which the map V, > r+—r.-z € R-x is a
homeomorphism and such that f|y,.., > 0. Hence by positivity of f we get

Tf(n(z)) = / At > [ sy >0

which shows that T'f|suppy > 0. Hence we define

o(z) = (o W)(x)% if v € 7~ (supp ),
' 0 else.

It holds that supp ¢ C supp f, whence supp ¢ is compact. For z € 7 !(supp ) we calculate

_ o o g
Te(x(@)) = [ om0 g7y Sy 0masv

= o)X —f(y) m
= [ o) gy a0

_ ()
Tf(m(z)) Jre
and thus T'@ = 1) as desired. 0

The following lemma elucidates the relationship between algebraic measures on the two spaces

I'\G and I'\G/R.
Lemma A.6. Let L < G/R a closed subgroup, g € G an element such that the orbit L -Tq(g)

is periodic. Set L = q~Y(L). Then w(L -Tg) = L -Tq(g), the orbit L -Tg is periodic, and
ML Ty(g) = TMLTg-

Proof. The first part of the statement follows from the definition of 7 (cf. Lemma A.2) and the
fact that L = q(L). For the last two assertions, we will assume without loss of generality that
G = L, in order to simplify notation, so that we are left to show that I'\G admits a G-invariant
probability measure, given that I'\G' has a G-invariant probability measure mpg- As before,
let mg., be the unique R-invariant probability measure carried by the R-orbit R - x. Notice
that, for any g € G and = € X, it holds that mg.4..) = g«mp., so that in particular the map
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T — Mmp., is continuous and constant on R-orbits. Let T': C.(I'\G) — C.(I'\G/R) be the linear
operator

To(n(z)) = / i) @\

defined in Lemma A.5. Define a positive linear functional I on C.(I'\G) by
Iy = / Ty dmpg Vo € C(I'\G).
NG

This corresponds to a Borel probability measure mp\g on I'\G, which we claim is invariant
under G. Let ¢ € G and ¢ € C.(I'\G), and extend the G-action to C.(I'\G) by setting
(g-9)(x)=¢(g7! - x),z € T\G. We have

Te(q(g) - m(z)) = Te(n(g-z)) = /F y e(y)dmp. g (y) = /F . ©(y)dg.mp.(y)

= / olg-y)dmp(y) = / (97" )W) dmpa(y) =T(g™" - o) (n(x)),
MG NG

that is, q(g) - T = T'(g - ¢).It follows that

mr\G(g ) = mma (T(g : 90)) = mf\G(TSO) = mF\G(SD),

which ends the proof.
O

As a last preliminary step towards the proof of the announced result, notice that in the last
part of the foregoing proof we have shown the natural extension of Weil’s folding-unfolding

formula to our setup:
/ o dmp\g = / T dmr\q/r (A.3)
G I'\G/R
for every ¢ € C.(I'\G).

Finally, we are in a position to show:

Proposition A.7. Let pu be an R-invariant probability measure on T'\G and assume that m.pu
is algebraic, that is, there exist a closed subgroup L < G/R and an element § € G/R such that
Tl is the unique L-invariant measure supported on the orbit L-1'g. Then, for L = ¢ *(L) and
g € G any preimage of g under q, i s the unique L-invariant measure supported on L -T'g.

Proof. By virtue of Lemma A.6, we might assume without loss of generality that L = G,
so that p projects to the unique G-invariant probability measure mp\G/r ON G = I'\G/R.
We wish to deduce that @ = mp\g, the unique G-invariant probability measure on I'\G. Let
T: C.(I'\G) — C.(I'\G/R) be as in Lemma A.5. It suffices to prove that

/ e du = / Ty dmpg/r  for all ¢ € C.(I'\G); (A.4)
ne I\G/R

if this holds, then by (A.3) p and mp\¢ represent the same positive linear functional on C.(I'\G),
whence they are equal by uniqueness in the Riesz representation theorem.

Fix thus a function ¢ € C.(I'\G); spelling out the integral on the right-hand side of (A.4),
we get

/ T dmpyn = / o(y) dmp(y) dmpgp(r(z))
I'\G/R nNG/rJr\G

(A.5)
— /F\G /F\G ¢(y) dmr..(y) du(z).
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where the last equality follows from the assumption 7,1 = mp\¢/g. Now, for any = I'g € I'\G,
we use that mpr, = (¢7!).mpr and write

/F ) dmany () = / L0 dmacty) = / o T dm(T)

Inserting this into (A.5) and interchanging the integrals via Fubini’s theorem, we obtain

/ T dmprq/r = / o('rg) du(Tg) dmpr(Ir)
I'\G/R NG Jra

= /F o /F \Gso(Fg(g‘lrg)) du(Tg) dmpr(I'r)

= / ¢ dp,
NG

where the third equality stems from R-invariance of ;1 and the fact that R is a normal subgroup
of GG. This achieves the proof of the proposition. O

APPENDIX B. NORMAL SUBGROUPS OF PRODUCTS
This section is devoted to the proof of Proposition 8.4.

Proof of Proposition 8.4. We wish to show that any Zariski-connected normal subgroup L <
G x B, where G and B are respectively semisimple and solvable Zariski-connected QQ-groups,
takes the form L = L; x Ls, where L;, Ly are Zariski-connected normal Q-subgroups of G, B
respectively. Let L = L, x R, (L) be a Levi decomposition of L, with L a reductive Q-subgroup
of L. Since L is a normal subgroup of G x B and the unipotent radical R, (L) is a characteristic'
subgroup of L, we deduce as a result that R,(L) is a normal subgroup of G x B; being also
Zariski-connected and unipotent, it is contained in R,(G x B) = R,(B), the latter equality
holding as G has trivial unipotent radical. Set thus Ly := R, (L).

On the other hand, we claim that the Levi subgroup Ly coincides with its commutator [Lg, L]
(hence it is semisimple). This is a consequence of the class-F assumption on L. Indeed, by the
structure theorem for reductive subgroups (see, for instance, [53, Thm. 2.4]), Ly is an almost
direct product of a Q-torus T and of the semisimple group [Ls, Lg]. If Ly # [Lg, L], then by the
class-F assumption the group of Qg-points of the quotient L/([Ls, Ls] R, (L)) ~ Ly/[Lg, Lg] = T
has non-trivial unipotent elements. This is absurd. The projection of L, to the solvable factor
B is thus necessarily trivial, so that L, is contained in G and is a normal subgroup thereof.
Setting L, = L permits us to conclude. O
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